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Neural quantum state (NQS) ansätze have shown promise in variational Monte Carlo algorithms by
their theoretical capability of representing any quantum state. However, the reason behind the
practical improvement in their performance with an increase in the number of parameters is not fully
understood. In this work, we systematically study the efficiency of a shallow neural network to
represent the ground states in different phases of the spin-1 bilinear-biquadratic chain, as the number
of parameters increases. We train our ansatz by a supervised learning procedure, minimizing the
infidelity w.r.t. the exact ground state. We observe that the accuracy of our ansatz improves with the
network width in most cases, and eventually saturates. We demonstrate that this can be explained by
looking at the spectrumof the quantumgeometric tensor (QGT), particularly its rank. By introducing an
appropriate indicator, we establish that the QGT rank provides a useful diagnostic for the practical
representation power of an NQS ansatz.

Recent years have seen immense growth in the use of machine learning
(ML) methods in the field of quantum many-body physics. Central to this
intersection are Neural Quantum States (NQSs), which are currently
revolutionizing Variational Monte Carlo (VMC) approaches and related
applications1–8. Their success relies on the expressivity of neural networks
(NNs), which have the theoretical capacity to represent any state, with a
large enough number of parameters. This is formalized by so-called (i)
universal representation theorems, asserting that the approximation error
inherent in an NN (and by extension, in an NQS) can approach zero
asymptotically as one increases the network’s width or depth, contingent on
locating the global minimumof the loss function9–12. Additionally, it is well-
understood in the standard ML context that (ii) increasing the number of
parameters beyond the over-parameterization limit leads to a smoother loss
landscape and faster convergence13,14.

Building on those principles, numerous variational studies have
increased the width or depth of NNs in order to check convergence in
calculationswhere the ground state is foundby energyminimization1,15–17. A
striking example can be found in Fig. 2 of ref. 17, where the NQS approx-
imation error at convergence systematically decreases as the number of
parameters of aResNet increases, ultimately reachingnumerical precision at
the largest parameter size. This approach is quite general and is also
employedwhen simulating the real-time dynamics18, and the steady-state in
open quantum systems5,19.

However, exceptions to this rule do emerge in practical calculations, i.e.,
instances in which an NQS fails to become more accurate as the number of
parameters increases.Wewill call this situation a practical limitation to reach
universal representability. We stress that this is not in opposition to the
representation theorems, which are valid onlywhen the globalminimumcan
be found, in the limit of a sufficiently large number of parameters. A practical
limitation to reach universal representability with a specific minimization
algorithm might occur because the additional parameters cannot be used
effectively even after the minimization has converged. As a result, the global
minimum cannot be found with a reasonable computational budget.

Moreover, it is unclearwhat the additional parameters encode once the
optimization has converged. Several results in standard ML tasks20–22, and
Variational Quantum Algorithms23 document the existence of redundant
directions in the parameter space, suggesting that the encodings are locally
highly degenerate. This is in clear opposition to tensor networks andmatrix
product states (MPSs) in particular, where increasing the bond dimension is
linked with the increase in the maximal entanglement entropy of the
state24,25. Instead,while it has been shown that even simpleNQSs can encode
states with arbitrary entanglement26–28, we do not know what states NQSs
with afinite number of parameters cannot encode. The role of parameters in
an NQS and their relationship to the overall accuracy of a calculation is
therefore unclear. While in some cases, it is possible to invoke some theo-
rems as an explanation for the effectiveness of increasing the number of
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parameters, we still do not understand what happens in the presence of a
practical limitation to reach universal representability.

Nevertheless, it is possible to quantify the role of parameters in anNQS
by looking at the Quantum Geometric Tensor (QGT), which is a general-
ization of the Fisher InformationMatrix (FIM) in the context of variational
wavefunctions29,30. In addition to its usage in the stochastic reconfiguration
(SR) method31,32, a few studies have used the QGT to identify the relevant
parameters in a variational optimization33,34.

In this work, we investigate the practical representation ability of a
restricted BoltzmannMachine (RBM) as anNQS ansatz in a simple setting:
the search for the ground state of a one-dimensional quantum spin model.
We chose the spin-1 bilinear-biquadratic (BLBQ) chain because of its
diverse phase diagram encompassing the topologically ordered gapped
Haldanephase and thegapless extendedcritical phase.Thismakes it an ideal
test bed for our study. Todirectly investigate the representation ability of the
NQS ansatz, we choose to employ a supervised learning procedure with the
NQS to represent a given ground state, i.e., we optimize the infidelity of the
NQS ansatz w.r.t. the exact ground state. We perform infidelity optimiza-
tions at various network densities of the NQS ansatz to study the impact of
network density on the NQS ground state approximation. We use an NQS
ansatz given by a modified RBM (see Methods section) suitable for spin-1
systems15. We optimize the infidelity using the natural gradient descent
(NGD) algorithm, which is essentially a generalized version of the SR
method32, applicable to any supervised learning procedure. The gradients
and the QGT matrix are computed exactly to exclude biases induced from
sampling in the Monte Carlo procedure.

To analyze our results, we propose a notion of the dimension of the
relevant manifold dr of a variational ansatz, given by the rank of the QGT
(described in detail in the subsection “Quantum Geometric Tensor” in the
Results section). Furthermore, we also identify a strict upper bound for the
rank of the QGT, which we call the effective quantum dimension dq, given
the task of representing the ground state of a particular Hamiltonian. We
establish that the ratio dr/dq can be used as a local probe to understand the
evolution of the NQS approximation with the size of the network, as well as
the case of a practical limitation to reach universal representability. Fur-
thermore, we demonstrate that dr/dq is an important indicator for char-
acterizing the efficiency of an NQS ansatz in representing a given ground
state as the network width increases.

Results
BLBQ spin-1 chain
The spin-1 BLBQ model in one dimension is defined by the
Hamiltonian:

H ¼
X
i

J Si � Siþ1 þ tanðθÞ Si � Siþ1

� �2h i
: ð1Þ

More generally, the Hamiltonian is written as H ¼ P
iJ½cosðθÞSi � Siþ1 þ

sinðθÞðSi � Siþ1Þ2� in the literature35,36. The model is parametrized by an
angular variable θ, and Si ¼ ðSxi ; Syi ; Szi Þ is the spin operator acting on the
local spin-1 Hilbert space at site i. The above Hamiltonian has a gapped
Haldane phase37,38 for −π/4 < θ < π/4, an extended critical phase35,39–42 forπ/
4 ≤ θ < π/2, a ferromagnetic phase for π/2 ≤ θ < 5π/4, and a dimerized phase
for −3π/4 < θ <−π/436,43 (Fig. 1). We focus on the Haldane phase and the
extended critical phase in this work. The Haldane phase describes the
isotropic Heisenberg antiferromagnet at θ = 0. It is characterized by a
hidden topological order, which is the strongest for the Affleck-Kennedy-
Lieb-Tasaki (AKLT) state44–46 at θ ¼ arctanð1=3Þ. The AKLT state is a
valence-bond state, which can be represented by two spin-1/2 particles at
each site, forming singlets with the spins of the neighboring sites (see
supplementary Note 1). The AKLT state has an exact MPS representation
with bond dimension 247. It is also the state that has the lowest bipartite
entanglement in comparison to ground states at other values of θ48. The
Haldane phase is gapped and has a ground state with an exponentially
decaying antiferromagnetic spin-spin correlation in the thermodynamic

limit. Up to theAKLTpoint, the correlation function behaves as hSα0 � Sαj i �
ð�1Þj expð�j=ξÞ= ffiffi

j
p

with a correlation length ξ ¼ 1= lnð3Þ for the AKLT
state. For arctanð1=3Þ<θ<π=4, themodulation wavevector shifts away from
k = π to reach k = 2π/3 at θ = π/4. The Haldane gap closes at θ = π/4,
marking a critical point, known as the Uimin-Lai-Sutherland (ULS)
point41,42,49, across a Berezinskii-Kosterlitz-Thouless (BKT) transition35,50. At
this point, themodel has an exact SU(3) symmetry and is integrable. Its low-
energy physics is described by the Wess-Zumino-Witten (SU(3)k = 1)
conformal field theory35,45,50. The model remains gapless in the thermo-
dynamic limit throughout the region π/4 ≤ θ < π/2. In this phase, the
dominant correlations are of quadrupolar nature, withwavevector k = ± 2π/
3, and decay as a power law with exponent η = 4/335,39.

Minimizing the NQS infidelity
We search forNQS approximations of the ground states in theHaldane and
the critical phases of the spin-1 BLBQ chain by minimizing the infidelity of
the NQS w.r.t. the exact ground state jΩi (see Methods section for more
details),

I ¼ 1� hψθjΩihΩjψθi
hψθjψθihΩjΩi

: ð2Þ

Here jψθi ¼
P

nψθðnÞjni is the NQS and jni denotes a state in the com-
putational basis. Note that the degree to which the NQS ansatz represents
the true ground state is given by the fidelity f = 1− I∈ [0, 1], and hence, the
infidelity I gives the error in the NQS approximation for the ground state.
For comparisons, we also perform the usual VMC procedure, included in
the supplementary Note 2, where one minimizes the energy

E ¼ hHi ¼
X
n

pθðnÞ
hnjHjψθi
hnjψθi

; ð3Þ

to get an NQS approximation for the ground state. Here pθðnÞ ¼
∣ψθðnÞ∣2=hψθjψθi is the probability distribution over the computational
basis. For the rest of the paper, we focus on the results of the infidelity
minimization procedure. We restrict our computations to the total Sz = 0
sector of the Hilbert space.

We report the infidelities at convergence of the infidelity mini-
mization with NGD in Fig. 2, for different sizes of the BLBQ chain
L = 8, 10, 12, for four phases in the phase diagram (the four pointsmarked
in Fig. 1), and for different hidden layer densities α. As we increase α, the
converged infidelities for the different phases reduce to very low values

Fig. 1 | Phase diagram of the spin-1 bilinear-biquadratic (BLBQ) chain. We
perform infidelity (Eq. (2))minimization, with a neural quantum state (NQS) ansatz
given by a modified restricted Boltzmann machine (RBM) for spin-1 models15

(described in Methods section), at the four marked points in the phase diagram:
antiferromagnetic-Heisenberg (AFH), Affleck-Kennedy-Lieb-Tasaki (AKLT), and
the two critical phases at θ = π/4, and arctanð2Þ respectively.
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and saturate thereafter at a certain value ofα inmost cases forL= 8, 10.The
converged infidelities for the four phases for L = 12 oscillate after an initial
descent as α increases. We also remark that the NQS for the AKLT state
has the best approximation (theminimum infidelity) inmost cases. This is
consistent with the fact that the AKLT state has the lowest entanglement
(has an exact MPS representation with bond dimension 2), among all the
other phases.

To avoid artefacts originating from the Monte Carlo sampling51 and
solely investigate the representation power of the NQS ansatz, we perform
the infidelityminimization by summing over the total Sz = 0 subspace of the
Hilbert space.

Additionally, we check that the infidelity minimization has converged
well by inspecting the local infidelity landscape through the Hessian (see
supplementary note 5 for the spectra of theHessian forL = 8).Our solutions
lie in a deep valley (many large positive eigenvalues), which has a few
infinitesimally small downward slopes (few very small negative eigenvalues)
as commonly seen in the ML literature52,53.

A systematic decrease in the NQS approximation error with α to
numerical precision, followed by a saturation, is consistent with our
expectations from the universal representation theorems. This is the case for
infidelity optimizations for the AFH, AKLT, and the critical phase at θ ¼
arctanð2Þ with L = 8, as well as for the AKLT phase with L = 10, where we
achieve converged infidelities ≤ 10−11. For practical purposes, we consider
having reached numerical precision in the above cases. For the other cases,
the infidelities either saturate at a larger value with small oscillations, which
we call a premature saturation of the infidelity, or continue to decrease with
α. The latter could suggest that theNQSneedsmore parameters to be able to
approximate the solution better. However, a premature saturation of the
infidelity suggests that the optimizedNQS is locally not able to use the newly
added parameters to improve the solution. This scenario can be further
investigated by examining the Fubini-Study (FS) metric in the space of
variational wavefunctions. From this metric, we derive the QGT29,30, which
gives a measure of the relevant directions in the parameter space, as dis-
cussed in the following paragraphs.

Quantum geometric tensor
In defining a distance measure between two pure states, one must consider
that states differing by a global phase are physically indistinguishable54.
Consequently, the set of pure states is isomorphic to the set of rays in the
Hilbert space, i.e., to the projectiveHilbert space, over which ametric can be
unambiguously defined55,56. The FS metric naturally emerges as the unique
(up to a constant factor) Riemannian metric on the set of rays, being
invariant under all unitary transformations, that is, under all possible time
evolutions57. For two pure states jψθi and jψϕi, parameterized by θ and ϕ,

the FS distance is defined as:

FS ðψθ;ψϕÞ ¼ arccos

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ψθjψϕ

D E
ψϕjψθ

D E
ψθjψθ

� �
ψϕjψϕ

D E
vuuut

0
B@

1
CA: ð4Þ

For an infinitesimal variation ϕ = θ+ dθ, a second-order expansion of
the squared FS distance yields the line element:

ds2 ¼
X

α;β
Gαβdθ

�
αdθβ; ð5Þ

where the QGT

Gαβ ¼
∂ψθ

∂θα

���� ∂ψθ

∂θβ

* +
� ∂ψθ

∂θα

����ψθ

� 	
ψθ

���� ∂ψθ

∂θβ

* +
ð6Þ

captures the local curvature of the space. Note that the above expres-
sion holds for the case when the variational state jψθi is normalized. In the

general case, the QGT takes the form Gij ¼
h∂ψθ∂θi

j∂ψθ∂θj
i

hψθ jψθi �
h∂ψθ∂θi

jψθihψθ j
∂ψθ
∂θj

i
hψθ jψθi2

. The

QGT matrix is positive semi-definite, ensuring that its eigenvalues are real
and non-negative. These eigenvalues measure the curvature of the FS
distance along the associated eigendirections. Non-zero eigenvalues
correspond to relevant directions where the quantum state undergoes
significant variation, while zero eigenvalues indicate redundant directions
where parameter changes produce no meaningful change in the quantum
state30. Thus, at convergence, the rank of the QGT reflects the number of
relevant directions (dr), or the dimension of the relevant manifold, that the
variational ansatz uses to represent the quantum state. In the special case
where wavefunction amplitudes are real and positive, that is
jψθi ¼

P
n

ffiffiffiffiffiffiffiffiffiffi
pθðnÞ

p jni, the QGT simplifies to a scaled version of the
classical FIM29. Specifically,

Gαβ ¼
1
4

∂ log pθðnÞ
∂θα

∂ log pθðnÞ
∂θβ

* +

� 1
4

∂ log pθðnÞ
∂θα

� 	
∂ log pθðnÞ

∂θβ

* +
¼ 1

4
F αβ;

ð7Þ

where the averages are taken with respect to the Born probability dis-
tribution pθ(n) over the states jni. F is the FIM of the probability

Fig. 2 | Infidelity and the hidden layer densityα for infidelityminimization on the
spin-1 bilinear-biquadratic (BLBQ) chain. Infidelity (I) after the convergence of an
exact infidelity minimization procedure is shown as a function of α, for the
antiferromagnetic-Heisenberg (AFH) (red squares), Affleck-Kennedy-Lieb-Tasaki
(AKLT) (red triangles) and the critical phases (blue circles and blue diamonds for

θ = π/4 and arctanð2Þ respectively) of the spin-1 BLBQ chain with open boundary
conditions. Results are shown for chain lengths a L = 8, b L = 10, and c L = 12. The
neural quantum state (NQS) used is a modified restricted Boltzmann machine
(RBM) for spin-1 systems15 (see Methods section).
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distribution pθ(n) and arises from the second-order expansion of the
Kullback-Leibler divergence, a proximity measure between probability
distributions.

Natural gradient descent. Standard gradient descent (GD) algorithms
attempt to minimize the loss function iteratively by moving in the
direction of steepest descent under Euclidean geometry. This is done
following the prescription

δθ ¼ �η F; ð8Þ

where δθ is the parameter update, η is the learning rate, and F is the con-
jugate gradient of the loss function in Eq. (2) (see Methods section). As a
result of assuming anunderlyingEuclidean geometry,GD is poorly suited to
navigate the projective Hilbert space due to the geometry of the space itself,
and the parameter redundancy introduced by an NN parametrization54.
Thus standard GD often struggles in landscapes with steep valleys or flat
plateaus where convergence can be slow as updates oscillate in steep
directions while taking small steps in shallow ones.

NGD improves upon this by adapting parameter updates to the
intrinsic geometry of the function space, as defined by the QGT29,58–60.
Instead of relying on the Euclidean gradient, NGD employs the geometry-
aware update rule (see supplementary Note 3):

δθ ¼ �ηG�1F: ð9Þ

The action of theQGT inverseG−1 can be heuristically understood as locally
“flattening” the landscape. NGD offers several key advantages. First, by
adjusting for local curvature,NGDprevents overshooting in steepdirections
and accelerates progress in flat regions. Furthermore, NGD is first-order
invariant under reparameterization, ensuring consistent optimization
across different representations. Ultimately, NGD is less prone to slow

convergence near saddle points or local minima guaranteeing faster
convergence under a variety of conditions61,62.

Effective quantum dimension. One can express Eq. (6) as

Gαβ ¼ ðÔy
α � Ô

y
α

D E
ÞðÔβ � Ôβ

D E
Þ

D E
; ð10Þ

where Ôμ ¼
P

n∂=∂θμjnihnj is a partial derivative operator, and jni is a
state in the computational basis. Eq. (10) can then be represented as a
matrix multiplication

P
nM

y
αnMnβ, where the matrix elements

Mnμ ¼ hnjðÔμ � hÔμiÞjψθi, and the summation over n runs over the
relevant (possibly constrained by symmetries) Hilbert space. We introduce
the notion of an effective quantum dimension dq, which represents the
dimension of this space. This gives the upper bound on the QGT rank dr,
given the task of representing the ground state of a specific Hamiltonian. In
our case, for the spin-1 chain with the constraint total Sz = 0, and a global
spin-flip symmetry, the effective quantumdimension dq = (D+ 1)/2, where
D is the dimension of the total Sz = 0 subspace. Therefore, dq = (D+ 1)/2 is
the maximum dimension of the relevant manifold around the optimized
NQS. For our computations, dq takes the values 554, 4477, and 36895
respectively for L = 8, 10, and 12 (for all four phases).

Rank of the QGT. We compute the QGT at convergence of the infidelity
minimization procedure for each case and plot the rank of the QGT (dr)
with the hidden layer density α in Fig. 3a–c. The insets show the QGT
rank normalized w.r.t. the number of parameters (Np) in the NQS ansatz.
TheQGT rank dr increases with an initial increase in α, accompanied by a
decrease in the infidelity. This suggests a correlation between the accu-
racy of the NQS approximation and dr. To further elucidate this corre-
lation, we plot the converged infidelity as a function of the ratio of the

Fig. 3 |Rankof the quantumgeometric tensor (QGT) and converged infidelity for
infidelity minimizations on the spin-1 bilinear-biquadratic (BLBQ) chain.
a–cThe rank of the QGT (dr) is shown as a function of the hidden layer density α for
lengths L = 8, 10, and 12. The insets show the QGT rank normalized w.r.t. the
number of parameters Np. d–f The converged infidelity (I) is shown as a function of
the ratio dr/dq, where dq is the upper bound for the QGT rank (or the effective
quantumdimension), with dq = 554, 4477, and 36,895, respectively, forL = 8, 10, and

12. The QGT rank dr (which is also the dimension of the relevant manifold around
the converged solution) is computed as the number of eigenvalues of the QGT
greater than 10−5. Each panel shows the data for the antiferromagnetic-Heisenberg
(AFH) (red squares), Affleck-Kennedy-Lieb-Tasaki (AKLT) (red triangles), and the
two critical phases (blue circles and blue diamonds for θ = π/4 and arctanð2Þ
respectively) of the spin-1 BLBQ chain with open boundary conditions, for a given
length of the chain.
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QGT rank w.r.t. the effective quantum dimension, i.e., dr/dq, in Fig. 3d–f.
This reveals that the infidelity decreases exponentially with the ratio dr/dq
until it saturates beyond a particular value of α. For the AFH phase and
the critical phase at θ ¼ arctanð2Þ, with L = 8, we achieve numerical
precision at the saturation of the ratio dr/dq ≈ 1 (when theQGTrank takes
its maximum value), i.e., when the NQS is performing at its best. While,
for the AKLT phases with L = 8 and 10, we attain numerical precision
even with dr/dq < 1, when the NQS is not yet at its full capacity. Fur-
thermore, the NQS also performs very well for the AKLT phase with
L = 12 despite a significantly lower dr/dq compared to the other phases.
This implies that the wave function for the AKLT phase is inherently
simpler to be represented by the NQS. Whereas, in cases where the
infidelity saturates at higher values with some oscillations, the ratio dr/dq
plateaus below 1. This suggests that the NQS is not able to add relevant
directions around the converged solution, with an increase in α, which in
turn limits its ability to improve its approximation. Note, however, that
we have a small deviation from this behavior for some cases with L = 12,
where the QGT rank dr (and the ratio dr/dq) increases while the infidelity
approaches premature saturation. This could be attributed to the
decreasing normalized rank dr/Np in the inset of Fig. 3c, suggesting that
the QGT rank increases at a slower rate than the number of parameters
Np, leading to the inability of the optimized NQS to represent the ground
states with higher accuracy. This is in contrast to the case of L = 10 (for
instance, for the AFH and the critical phases), where the normalized rank
dr/Np remains constant in the regime where the optimized NQS

consistently improves its approximation with an increase in α. Further-
more, it is worth highlighting that the decrease in the normalized rank dr/
Npwith α for L = 12 has a different origin than from cases (with L = 8, 10)
where it occurs either due to an early saturation of dr (i.e., when dr < dq) or
when dr reaches its upper bound dq.

Moreover, for a given size of the chain, the slope of the I vs. dr/dq plot
provides a measure of the efficiency of the NQS ansatz to represent a given
ground state with increasing accuracy as its width grows. For instance, for
L = 10, the I vs. dr/dq plot has the steepest slope for the AKLT phase, sug-
gesting that the optimized NQS ansatz represents the AKLT phase most
efficiently. In contrast, the NQS ansatz represents the AFH and the critical
(θ ¼ arctanð2Þ) phases with a much lower efficiency.

Spectrum of the QGT. While we demonstrated that the improvements
and limitations in theNQS approximation can be analyzed using the rank
of the QGT, it is also insightful to examine the spectrum of the QGT,
which reveals how the local metric of the FS distance around the con-
verged solution, evolves with α. We plot the spectrum of the QGT, for
each solution with L = 10, as histograms in Fig. 4. We broadly notice two
regimes in the evolution of the QGT spectra as α increases, in relation to
the converged infidelities: (i) a decreasing infidelity regime (for small
values of α), and (ii) a saturated infidelity regime (for relatively larger
values of α). In regime (i), the QGT spectra indicate a significant increase
in large-magnitude eigenvalues as α increases, resulting in an increase in
the QGT rank (and the ratio dr/dq, indicating a growth in the dimension

Fig. 4 | The spectra of the quantum geometric tensor (QGT) for infidelity
minimizationon the spin-1 bilinear-biquadratic (BLBQ) chain.The spectra of the
QGT are shown for the four phases (a–d) (corresponding to the four marked points
in Fig. 1) after convergence of the infidelity minimization of the neural quantum
state (NQS)w.r.t. the exact ground state of the spin-1 BLBQ chainwith lengthL = 10,

for various values of hidden layer density α. The infidelities (I) of the converged
NQSs are shown in the legends. The QGT eigenvalues are shown in log10 scale. The
insets show the cumulative distribution of the eigenvalues (number of eigenvalues
exceeding the value on the x axis) for each case. The dashed line marks the cutoff
10−5, used for computing the rank dr.
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of the relevant manifold around the converged solution), as seen in
Figs. 3 and 4. This is accompanied by a decrease in the converged infi-
delities.Whereas in regime (ii), the QGT spectra show an increase in very
small eigenvalues as α increases, and hence the dimension of the relevant
manifold (and the ratio dr/dq) does not change anymore. This leads to the
narrow peaks at very low eigenvalues (corresponding to the redundant
directions), in the histograms (Fig. 4), as can be seen clearly for the AKLT
and the critical phase at θ = π/4 with L = 10. In this regime, the NQS
approximation for the ground state no longer improves. Note that this
can happen either in the scenario where we have achieved numerical
precision or in the case of a premature saturation of the converged
infidelity.

Discussion
In summary, we have performed a large number of numerical experiments
to find ground states in various phases of the spin-1 BLBQ chain using a
1-layerNQS ansatz (Eq. (11)).Weperforma supervised learningprocedure,
where we minimize the infidelity of the NQS w.r.t. the exact ground state
(Eq. (2)). By increasing the hidden layer densityαof the network,we achieve
NQS approximations with greater accuracy, sometimes even reaching
numerical precision (I ≤ 10−11). The increase in the NQS accuracy is
accompaniedby an increasingQGTrank (and the relatedquantitydr/dq). In
contrast, we sometimes observe a premature saturation in the NQS accu-
racy, where the NQS infidelity does not decrease further with an increase in
α. In this regime, the QGT rank (or dr/dq) saturates around a given value or
grows very slowly, for NQS optimizations with different α. This provides
strong evidence that the local representation power of anNQSansatz can be
characterized using theQGT rank (or the ratio dr/dq) at convergence, within
a given optimization scheme.

We interpret the above observations as follows. The rank of theQGT
measures the number of directions in the Hilbert space that can be
accessed by an infinitesimal change of the parameters.More precisely, the
QGT rank dr gives the dimension of the tangent space around the opti-
mized NQS upto a constant ± 1, arising from the subtraction of the rank-
1 term from the Gram matrix (w.r.t. the tangent space) in (Eq. (6)).
Therefore a higher dr suggests that the NQS ansatz had more freedom to
reach a higher accuracy, given a particular optimization scheme.Whereas
a saturation in dr, with an increase in α, limits the ability of the NQS to
leverage the additional parameters for improving its accuracy, and hence
leads to a premature saturation of the NQS accuracy.We identify this as a
practical limitation to reach universal representability for the given NQS
optimization. In such a case, the QGT spectrummostly shows an increase
in zero eigenvalues, corresponding to the redundant directions around the
optimized NQS ansatz in the parameter space. It is important to note that
our results do not suggest a breakdown of the universal representation
theorems and rather demonstrate situations where practical limitations in
the NQS optimization limit the accuracy of the NQS approximation with
increasing width of the NN.

Such observation of redundant directions is consistentwith established
findings in the ML literature, which show that a substantial number of
directions in the parameter space are redundant20,21. This is in contrast to
tensor network ansätze, where each variational parameter contributes to the
entanglement entropy of the variational ansatz25, systematically improving
the approximation for the ground state. Nevertheless, our analysis of the
QGT rank/spectrum can help diagnose a practical limitation to reach uni-
versal representability. When this happens, in most cases a premature
saturation of the converged infidelity is accompanied by a saturation of the
QGT rank (or dr/dq), with an increasing width of the NQS ansatz. In a few
cases for L = 12, we observe that dr/dq does not fully saturate when the
infidelity does, but rather grows at a slower rate than the number of para-
meters in the NQS ansatz. In the former case, the optimized NQS only adds
redundant directions in its neighborhood as its width increases. In the latter
case, the optimized NQS ansatz is very less sensitive to an increasing
dimension of the relevant manifold, suggesting that the newly added
directions only marginally improve the NQS approximation.

A premature saturation of the converged infidelity with a growing
network width can arise from two independent factors: (i) the limited
expressivity of the specific NQS architecture to represent a given ground
state, or (ii) the inability of the optimization method to reach the global
minimum of the cost function, or from a combination of the two. Although
our analysis using the QGT rank can quantify the practical efficiency of a
converged NQS ansatz and can identify when a practical limitation to reach
universal representability happens within a given optimization scheme, it
cannot precisely determine whether the premature saturation occurs due to
the factor (i) or (ii). A saturation of the QGT rank at dr < dq (as commonly
observed in cases of premature saturation of the converged infidelity) can be
caused either by using a badly configured ansatz with redundant para-
meters, or by an inefficient optimization scheme.

Nevertheless, a compelling application of our analysis lies in char-
acterizing different methods of encoding the input for a given NQS archi-
tecture. This involves an inspection of the rank of the QGT at initialization
for different encodings, and choosing the encoding with the highest rank of
the QGT, which would ensure that the chosen ansatz is the easiest to
optimize.

To summarize the performance of the NQS ansatz across the four
phases of the spin-1 BLBQ chain, we note that the NQS represents the
ground states in the AKLT phase and the critical point at θ = π/4 with a
lower value of dr/dq than that in the AFH phase and the critical phase at
θ ¼ arctanð2Þ, for a given accuracy. TheNQS approximation for the AKLT
state performs the best, exhibiting the lowestQGT rank dr, suggesting that it
is the simplest state to be representedby the givenNQSansatz. Furthermore,
the AKLT state is also the state with the simplest non-trivial entanglement
structure, since it can be represented exactly as an MPS with bond
dimension χ = 247. The NQS approximation for the critical phase at θ ¼
arctanð2Þ has the largestQGTrankdr.Moreover, it is interesting tonote that
theNQSapproximation for theULScritical point atθ = π/4has a lowerdr/dq
than theAFHstatedespitehaving ahigherbipartite entanglement entropy48.
This may be due to the fact that the Hamiltonian at the ULS point has an
enhanced SU(3) symmetry39,50, which requires further investigation.

Furthermore, an interesting question is how the converged infidelity
and the QGT rank vary with network width under different optimization
schemes. To investigate this, we also conducted the infidelity minimization
for theAFHand theAKLTphaseswithanother algorithm: a combinationof
ADAM63 and YOGI64 optimization (see supplementary Note 7), which are
adaptive gradient-based optimizers that usually perform well for stochastic
gradient descent (SGD). We found that the NQS approximations with
ADAM+YOGI optimization were generally less accurate at large network
widths than those obtained using NGD (see supplementary Fig. 7d–f). In
most cases, the ADAM+YOGI optimization led to minimal improvement
of the NQS approximation with increasing network width, which appeared
nearly frozen unlike in the case of NGD optimizations. However, the
behavior of the QGT rank with α was similar across the two optimization
schemes, with dr eventually saturatingwith α (see supplementary Fig. 7a–c).
In summary, the NGD optimizations proved to be significantly more
effective in finding accurate NQS approximations.

In conclusion, we have introduced the notion of the dimension of the
relevantmanifold around a convergedNQS, defined as the rank of theQGT
dr, and have proposed the ratio dr/dq as an indicator to characterize the local
representationpower of anNQSansatzwithin a givenoptimization scheme.
We have also demonstrated the emergence of a practical limitation to reach
universal representability, using the above indicator, which suggests that
practical calculations with NQS-based ansätze can differ considerably from
the asymptotic behavior predicted by universal representation theorems.
However, it is important to note that our analysis holds when the QGT can
be estimated exactly. In practical VMC computations, the empirical esti-
mate of theQGT,or theneural tangent kernel (NTK)17 forNQSansätzewith
a large number of parameters, is usually biased when sampled using
wavefunction amplitudes51. As a result, the rank of the empirically estimated
QGT/NTKdoes not give a reliablemeasure of the dimension of the relevant
manifold. We leave for future work to explore the relation between an
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empirically estimated QGT/NTK and the dimension of the relevant
manifold around a converged solution.

Methods
We use a modified version of the RBM, adapted for spin-1 systems15, as the
NQS ansatz ψθðσÞ ¼

P
h exp Eðσ; hÞ½ �, where

Eðσ; hÞ ¼
XL
i¼1

aiσ i þ
XL
i¼1

Aiσ
2
i þ

XM
i¼1

XL
j¼1

wijhiσ j

þ
XM
i¼1

XL
j¼1

Wijhiσ
2
j þ

XM
i¼1

hibi

ð11Þ

is theenergy functionof the spin-1RBM.Hereθ = {{ai}, {Ai}, {bi}, {wij}, {Wij}}
is the set of all 2L+M+ 2ML complex parameters of the spin-1 RBM, L is
the number of sites in the spin chain (number of units in the visible layer),
M = αL is the number of units in the hidden layer, hi = ±1 is the ith hidden
unit, and σ = {σi} denotes a spin-configuration on the lattice. Note from Eq.
(11) that theNQS ansatz given by the spin-1RBM is holomorphic, i.e.,ψθ(σ)
depends only on θ, and not on θ*, i.e., ∂ψθ/∂θ

* = 0.We remark that the above
NQS ansatz intrinsically uses the logðcoshð�ÞÞ activation function, which has
branch cuts in the complex plane, making universal representability
proofs9,12 directly inapplicable for complex parameters. While splitting
complex parameters into real and imaginary parts resolves this, universal
approximation for complex activation functions remains largelyunexplored
except in a few cases65, though it is generally believed to hold in the large-
parameter limit66.

We use the aboveNQS ansatz (Eq. (11)) to represent the ground states of
the spin-1BLBQchain indifferentphases.Weuse the infidelitymeasuredw.r.t.
the exact ground state as the loss function, for optimizing our NQS ansatz.

Infidelity optimization
For the infidelity minimization, we use the loss function given by the infi-
delity of the NQS w.r.t. the exact ground state jΩi,

L ¼ I ¼ 1� hψθjΩihΩjψθi
hψθjψθihΩjΩi

; ð12Þ

where θ 2 CN . The loss function is minimized using the NGD
algorithm31,32,58–60. In the NGD method, the parameters of the ansatz are
updated as

θμ ! θμ � η
X
ν

Gþ ϵ1½ ��1
μν Fν ; ð13Þ

whereG is theQGT,η is the learning rate,ϵ is a small regularization constant
that prevents the inverse from diverging, and Fν is the conjugate gradient of
the loss function,

Fμ ¼
∂L
∂θ�μ

¼� hΩjψθi
hψθjψθihΩjΩi

X
n

hnjΩi ∂ψ
�
θðnÞ
∂θ�μ

þ ∣hψθjΩi∣2
hψθjψθi2hΩjΩi

X
n

ψθðnÞ
∂ψ�

θðnÞ
∂θ�μ

:

ð14Þ

We compute the infidelity, the conjugate gradient, and the QGT exactly, by
summing over the basis of the total Sz = 0 sector of the Hilbert space. For
better performance, we adjust the regularization constant ϵ during the
course of the optimization.We also tested the infidelityminimizationwith a
combination of ADAM63 and YOGI64 optimizers (see supplementary
Note 7), but we found that the convergence was unstable, and the solutions
were significantly worse compared to those foundwith the current strategy.
We defer an in-depth discussion on the optimization procedure to
Supplementary Note 3.

Data availability
The data used in the main text and the supplementary material, and
the scripts for generating the figures, are available in the GitHub
repository67.

Code availability
The infidelity minimization with NGDwas implemented with the software
library NetKet68–71. Example scripts to run the calculations are available in
the GitHub repository67.
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