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Unveiling the role of higher-order
interactions via stepwise reduction
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Complex systems usually feature interactions not only between pairwise entities but also among three
or more entities. Hypergraph can effectively characterize these higher-order interactions. Meanwhile,
all higher-order interactions can also be projected onto a number of lower-order interactions.
Determining whether all higher-order interactions must be considered or if they can be approximated
by lower-order interactions with minimal loss remains an open question. We propose a method to
decompose higher-order structures in a stepwise way, thereby allowing to explore the impacts of
hyperedges of any order. Experiments suggest that in some networks, incorporating higher-order
interactions significantly enhances the accuracy of link prediction, while in others, the effect is
insignificant. Therefore, the role of higher-order interactions varies in different types of networks.
Overall, since the improvement in predictive accuracy provided by higher-order interactions is
significant in some networks, we believe that the study of higher-order interactions is valuable.

From individual interactions in social networks to species symbiosis in
ecosystems, and from stock market fluctuations to information flow
through the Internet, real-world complex systems exhibit diverse behavioral
patterns and time-varying dynamics through multi-level, multi-scale
interactions'~. The complexity of such systems does not solely arise from
the intricacy of their operational rules but primarily stems from the inter-
actions among constituent entities**. Networks, as a powerful mathematical
tool, have been widely adopted to model these interactions by representing
entities as nodes and pairwise relationships as links®’. However, traditional
network models often fall short in capturing the full spectrum of real-world
interactions, which frequently involve collective, higher-order relationships
among multiple entities rather than simple dyadic connections®. For
instance, in scientific collaboration networks, projects involving multiple
researchers cannot be fully characterized by pairwise interactions alone;
higher-order models better encapsulate the collaborative dynamics of such
multilateral teams". Similarly, in commercial transactions, the involvement
of intermediaries (e.g., third-party agents) alongside buyers and sellers
necessitates a framework that accounts for multi-stakeholder interactions,
offering a more accurate representation of business relationships". In eco-
systems, interactions between two microbial species are often regulated by
other species'*™". For example, species A produces an antibiotic to inhibit
species B, while a third species, C, secretes an enzyme that degrades this
antibiotic, thereby reducing the inhibitory effect of species A on species B.
This pattern of interactions among three microbial species cannot be ade-
quately captured by pairwise interactions, as species C introduces an
additional regulatory layer that influences the interaction between species A

and B". Beyond these examples, higher-order architectures are pervasive
across disciplines: biochemical reactions frequently involve multiple sub-
strates or enzymatic intermediaries'®, and proteins assemble into functional
complexes through multi-molecular interactions”.

The significance of higher-order interactions has already been noted by
many scientists. For example, they enable more accurate predictions of drug
combinations that may cause adverse side effects—effects that do not occur
when the individual drugs are administered separately”**'. They are also
essential for understanding the interdependencies among groups of neurons
in avalanche dynamics™, and have been shown to enhance the accuracy of
visual response predictions in the neurons of anesthetized cats™. Despite
these empirical successes, Zhang et al.** and Benson et al.”” have pointed out
that the variability in the number of nodes contained in higher-order
hyperedges can pose both complexity and sophistication challenges to the
network analysis. While graph neural networks (GNNs) are highly effective
in processing pairwise interactions, traditional GNNs often struggle to
capture directly higher-order interactions™. Recent advances in hypergraph
neural networks (HNNs) (see the survey” and related references therein)
have shown promise in addressing these limitations. Considering the
additional complexity involved in analyzing higher-order interactions, it
remains to be determined whether the introduction of these interactions is a
significant innovation or merely a costly topological game™”.

In this study, we employ link prediction, a fundamental task in network
science, as a starting point for quantitatively analyzing the impact of higher-
order interactions. Link prediction aims to predict the links that exist but
have not yet been observed, or that will appear in the future, based on the
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observed network structure’*. Hyperedge prediction is a natural extension

of link prediction to hypergraphs, with the prediction object being extended
from pairwise links to higher-order hyperedges™. Hyperedge prediction has
become an active branch in the hypergraph study, with various prediction
algorithms proposed™***’. Recently, Yoon et al.** proposed the concept of
n-projected graphs, where each node represents a set of n — 1 nodes, and an
edge is formed between two such sets if their union contains exactly n nodes
and there exists at least one hyperedge that contains all these 7 nodes. They
argued that aggregating information from 2-projected up to n-projected
graphs naturally extends the pairwise projected graph of a hypergraph
(named as “collaboration networks” in early literature*'). Their experiments
show that incorporating a 3-projected graph into the pairwise projection
significantly improves prediction accuracy, with diminishing returns at
higher orders. Moreover, if one considers a very high-order projection, the
prediction accuracy may decline. While Yoon et al.’s work offers a valuable
framework for understanding the role of higher-order interactions in link
prediction, their projection-based approach generates an aggregated graph
containing a large number of new composite nodes, each representing a
collection of several original nodes, which significantly increases compu-
tational and analytical complexity. Furthermore, their method does not
cleanly strip away the effects of higher-order interactions in a stepwise way.
For example, if one aims to retain information up to 5-order interactions
and thus analyze the effects of 6-order and 6" -order interactions, this cannot
be achieved by aggregating 2-projected to 5-projected graphs. This is
because hyperedges of orders 3 through 5 are also projected into pairwise
relationships. Therefore, regardless of how many orders are taken into
account, the method of Yoon et al. will project all higher-order interactions
to pairwise interactions, except that the set of nodes is different. Building on
this insight, we propose a more applicable method: the n-reduced graph.
This method preserves the structural information of lower-order hyper-
edges while stepwise decomposing higher-order interactions. Using this
method, we can quantitatively assess the contribution of higher-order
interactions and perform efficient and effective hyperedge prediction.

Results

A hypergraph is denoted as G(V, E), where V = {v}, 5, ..., Vn} denotes the set
of nodes, and E = {ey, e,, ..., ey} denotes the set of hyperedges***’. Unlike a
traditional link that represents a connection between only two nodes, a
hyperedge can capture the relationship among multiple nodes. Specifically, a
hyperedge e, can involve two or more nodes, and its order, denoted by k,, is
defined as the number of nodes e, contains. The number of hyperedges
containing node v; is defined as the hyperdegree of v;, denoted as d.
Hyperedge prediction aims to predict unobserved hyperedges based on the
observed structure. Specifically, this algorithm tries to identify whether any
unobserved hyperedge e. € 2"\E is indeed a true hyperedge”. Further
details, including the n-reduced method, hyperedge prediction algorithms,
data splitting and sampling strategies, and evaluation metrics, are presented
in the Methods section.

Higher-order interactions enhance prediction

This study utilizes 12 real-world hypergraphs spanning diverse domains.
As hyperedges containing ten or more nodes are relatively rare and
computationally expensive to process, this study-like that of Yoon
etal.’~focuses only on hyperedges with order k < 10. Table 1 shows basic
statistical properties of these twelve real-world hypergraphs, including
their domain, number of nodes and hyperedges, and average hyperedges
order. Detailed information for each hypergraph is included in Sup-
plementary Note 1. Figure S1 (see Supplementary Note 1) illustrates the
distribution of hyperedge orders. It is evident that lower-order hyper-
edges constitute the majority, while the number of hyperedges decreases
significantly as the order increases. Figure S2 (see Supplementary
Note 1) presents the cumulative distribution of hyperdegrees. These
distributions exhibit a broad range and display similar characteristics to
power-law distributions, though they cannot be precisely characterized

by power laws**.

In a given hypergraph, all hyperedges of order k > n are decomposed
into multiple n-order hyperedges by the n-reduced operator (see Methods).
Clearly, the larger the value of n, the more higher-order structural infor-
mation is preserved. As described in the “Data Splitting and Sampling”
section of the Methods, to ensure consistency in evaluating the training and
testing of hyperedge structures, hyperedges of order k > n are excluded from
the test set. This ensures that predictions focus exclusively on hyperedges
with k < n. Figures 1 and S3 (see Supplementary Note 2) depict the trend of
AUC as n increases across six hypergraphs. In all hypergraphs, AUC gen-
erally increases with increasing #, indicating that higher-order interactions
contribute positively to the prediction accuracy. However, as n further
increases, the change in AUC tends to level off, suggesting that the marginal
benefit of incorporating additional higher-order information becomes
smaller at larger values of 7.

As shown in Figs. 1 and S3 (see Supplementary Note 2), the average
AUC (see Methods) shows an upward trend for every hypergraph, sug-
gesting that higher-order interaction information significantly enhances the
accuracy of hyperedge prediction. However, directly using these results to
quantify the contribution of higher-order interactions to the predictive
performance is not rigorous. This is because hyperedges in the test set vary
with different #, making the reasons underlying different AUC values very
complicated. To eliminate confusion caused by varying test sets, we further
evaluate the prediction performance for hyperedges of fixed order k within
the test set. For example, we compare the predictive accuracies for hyper-
edges of order k = 3 across different n-reduced graphs (# > 3). This ensures
the consistency of the test set and more clearly reveals the impact of higher-
order structural information.

Figures 2 and S4 (see Supplementary Note 2) illustrate the trend of
AUC values as n increases for hyperedges of different orders k. For k >3,
most networks (excluding email-Enron and DAWN) show a significant
increase in AUC with the presence of more and more higher-order infor-
mation. In NDC-classes and NDC-substances, the enhancement in pre-
diction accuracy with higher-order information is evident. For example,
when k = 3, as n increases from 3 to 7, AUC rises from 0.46 to 0.72 and from
0.68 to 0.87, respectively. In these cases, decomposing higher-order
hyperedges into lower-order ones, even if the resulting hyperedges are
still of order no less than 3, will reduce the predictive accuracy for 3-order
hyperedges, indicating that higher-order structural information plays a
crucial role in hyperedge prediction. For k=2, for the networks NDC-
classes, iAF1260b, Nematode, DBLP, NDC-substances and Pubmed, the
higher-order interactions significantly improve the prediction accuracy of
2-order hyperedges, and for the other six networks, the increase of AUC is
relatively flat or fluctuates with the addition of higher-order information. As
shown in Fig. 2b, the increase in AUC tends to be flat with the increasing n,
suggesting that reaching a certain level, the benefits of higher-order infor-
mation diminish. Conversely, in other plots of Fig. 2, AUC continues to rise
with increasing #, indicating that retaining more higher-order information
can significantly enhance prediction performance in these networks.
Additionally, we applied this method to predict hyperedges of order k > n.
Different from the case k < n, AUC values do not exhibit any clear trend as n
increases (see Supplementary Note 3 for details). In summary, higher-order
interactions generally contribute positively to hyperedge prediction; how-
ever, their impact varies across different networks. In some networks, they
play a vital role, while in others, their contributions are negligible.

Comparing n-reduced method with n-projected method
Recently, ref. 40 proposed an intriguing but distinctly different method
known as the n-projected graph. This method is also useful for analyzing the
impact of higher-order interactions on hyperedge prediction. Given a
hypergraph G(V, E), its n-projected graph is denoted as G = (V% EF),
where the node set V2 consists of all (n — 1)-node subsets of V, and each
subset is represented as a single node in V2, that is

VEi={v, CV:lv,|=n—1} (1)
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Table 1 | The statistics of the twelve real hypergraphs
Dataset Type N M (k) Reference
email-Eu Social communication 530 1119 2.51 25,80,81
email-Enron Social communication 143 1466 2.95 25
threads-math-sx Social communication 2563 2918 2.50 25
DAWN Drug-disease relationship 895 7728 3.15 25
NDC-classes Drug-disease relationship 1140 940 4.43 25

NDC-substances Drug-disease relationship 2647 4606 4.87 25
iAF1260b Biochemical metabolism 1665 2021 4.11 82
iAF987 Biochemical metabolism 1098 1162 4.47 82
iCN900 Biochemical metabolism 879 1086 4.45 82
Nematode Ecology parasitology 4570 5695 3.55 83,84
Pubmed Academic collaboration 3772 7034 3.55 85
15623 18383 2.79 86

Academic collaboration

DBLP

Here, N is the number of nodes, M is the number of hyperedges, and (k) is the average order of hyperedges.
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Fig. 1 | The change of the average AUC (area under the ROC curve) with
increasing n in the n-reduced graph. a—f show the results corresponding to datasets
email-Eu, threads-math-sx, NDC-classes, iAF1260b, Nematode, and Pubmed,

respectively. The solid line represents the average AUC over ten independent
experiments, and the shaded area indicates the range of the average AUC plus and

minus the standard deviation.

In V2, node v,, and node u,, are connected if they satisfy the following two
conditions: (1) v,, and u,, differ by exactly one element among the n — 1
elements each contains, i.e., [u,, U v,,| = ; (2) the union of v,, and u,, is fully
contained in at least one hyperedge in E. Accordingly,

Eb ={(u,,v,) u, € VE, v, € VB |u,Uv,| @
=n, Jee€ E,s.t.,u,Uv, Ce}.

For a given n, the graph G’(n) used for hyperedge prediction is
constructed as a direct aggregation from the 2-projected graph up to the
n-projected graph, denoted as G?(n) := (G, G5, -+ ,G). It is worth
noting that for any n = 2, G?(n) contains only pairwise interactions and
its complexity primarily comes from the quantity and heterogeneity of
nodes. As each Gf, represents a union of sets rather than multisets, any
duplicate instances of a hyperedge e will be excluded. Although the n-

projected and n-reduced graphs are conceptually similar in that they both
decompose higher-order interactions, they differ fundamentally in how
this decomposition is performed. Therefore, we are particularly inter-
ested in determining which method preserves more useful structural
information. A natural assumption is that the one retaining more useful
information will yield better performance in hyperedge prediction. For
comparison, we use the same six features and logistic regression model to
predict hyperedges in the n-projected graph, following the method
proposed by ref. 40. Based on an edge’s attribute in G*(n), we can identify
its order in the original hypergraph. For instance, an edge between two
sets of four nodes corresponds to a five-order hyperedge in the original
hypergraph. Figures 3 and S6 (see Supplementary Note 4) compare the
predictive performance of these two methods across hyperedge orders
ranging from 3 to 6, with n=7. The results show that the n-reduced
method significantly outperforms the n-projected method across all
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Fig. 2 | The values of AUC (the area under the ROC curve) in predicting solely k-
order hyperedges in the n-reduced graph. a-f show the results corresponding to
datasets email-Eu, threads-math-sx, NDC-classes, iAF1260b, Nematode, and
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Pubmed, repectively. The shade of color indicates the value of AUC, with darker
colors corresponding to larger AUC values.

twelve real networks and different orders. Specifically, the best AUC
achieved by the n-projected graph is 0.74, with an average AUC of 0.62,
whereas the n-reduced graph achieves a best AUC of 0.94 and an average
AUC of 0.83. These findings suggest that if higher-order interactions
need to be reduced for convenient and efficient analysis or some other
reasons, the method of the n-reduced graph is superior in retaining
informative higher-order structure.

We have also leveraged other state-of-the-art algorithms, including
hyperedge prediction using resource allocation (HPRA)”, neural hyper-
graph link prediction (NHP)*, and nonuniform hyper-network embedding
with dual mechanism (NHNE)". Detailed results are provided in Supple-
mentary Note 5, which consistently demonstrate that our findings remain
robust across these various methods.

Discussion

Before hypergraphs became popular, bipartite graphs™* and collaboration
networks*"*’ were widely used to represent higher-order interactions. For
instance, to describe scientific collaborations, bipartite graphs utilize two
types of nodes (one for authors and one for articles) and connect each article
to its authors. Collaboration networks simplify this by using pairwise links
between scientists who have co-authored at least one article. Although
bipartite graphs and hypergraphs are mathematically equivalent, bipartite
graphs introduce additional complexity due to their heterogeneous node
types. Collaboration networks reduce complexity by projecting higher-
order interactions into pairwise links, which inevitably leads to information
loss. While edge weights can help retain some details, they cannot fully
capture the richer structure of hypergraphs™ . Despite this, collaboration
networks remain useful because they are easier to analyze than hypergraphs.
A critical question arises: In which scenarios is it necessary to retain all
information from higher-order interactions, and in which cases can they be
represented as pairwise interaction networks, such as collaboration net-
works? If higher-order interactions cannot be accurately represented as

48,49

pairwise interaction networks, can they be represented as lower-order
interactions to reduce the complexity of the analysis?

The key to addressing these questions lies in quantifying the impact of
higher-order interactions in a given scenario. For example, in a network
where tasks such as link prediction, community detection, identification of
critical nodes, and spreading prevalence estimation are considered, how can
we ascertain whether it is necessary to consider hyperedges of 5 and 5*
orders? A straightforward but overly simplistic approach is to remove all
hyperedges with k > 4 and compare the performance on specific tasks before
and after the removal. However, this approach is too crude, because even if
we apply the unweighted pairwise projection, some information about
5-order and 5*-order interactions will be retained. That is to say, if we
cannot analyze these higher-order hyperedges because of the limited
computational resources, we can at least project them into multiple pairwise
interactions rather than remove them entirely. A less aggressive method is to
directly compare hypergraphs with their pairwise projections™. However,
this results in a significant loss of information, and we cannot focus solely on
the impacts of hyperedges of orders k=5, since 3-order and 4-order
interactions are also projected onto pairwise interactions. The optimal
approach is to employ stepwise decomposition to retain as much infor-
mation as possible. The effect of any information that has to be lost should
then be attributed to the influence of higher-order interactions. For example,
to analyze the effect of hyperedges of 5 and 5" orders, we should strive to
retain their information through interactions of orders 2 to 4 before con-
ducting comparative analyses.

The aforementioned idea is applied in both #n-projected and n-reduced
graphs to stepwise decompose higher-order interactions. However, they are
different. The n-projected operator ultimately projects all higher-order
interactions into pairwise interactions, introducing a large number of het-
erogeneous nodes to retain information about the higher-order hyperedges
as much as possible. In contrast, the n-reduced operator represents higher-
order interactions through lower-order interactions while keeping the set of
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Fig. 3 | Comparison of the AUC (area under the ROC curve) values between -
reduced and n-projected operators for predicting k-order hyperedges. a—f show
the results corresponding to datasets email-Eu, threads-math-sx, NDC-classes,

iAF1260b, Nematode, and Pubmed, respectively. Here, n is set to 7, and all results are
averaged over ten independent experiments. The y-axis represents the order k of the
predicted hyperedges. The dark blue bars denote the average AUC for the n-reduced

Nematode

Pubmed

B n-reduced [ n-projected

method, while the magenta bars represent the average AUC for the n-projected
method. To provide a clear comparison of prediction accuracy between the two
methods, the length of each bar is scaled according to the AUC value of each method
as a proportion of the sum of AUC values of both methods. For instance, if the AUC
for the n-reduced method is 0.8 and the AUC for the n-projected method is 0.7, the
lengths of the dark blue and magenta bars would be 8/15 and 7/15, respectively.

nodes unchanged. Although these two methods share the same starting
point, the n-reduced graph may be more suitable as an analyzing tool,
because researchers seem to be less inclined to deal with heterogeneous
nodes. Otherwise, bipartite graphs would be more popular than hyper-
graphs for representing higher-order interactions.

In this study, we compare the n-projected and n-reduced methods by
employing link prediction as an entry point to quantify the influence of
higher-order interactions. Link prediction is chosen because it serves as a
more fundamental task compared to the analysis of specific networked
dynamics. Although our method has yielded promising results in hyperedge
prediction, its applicability to other tasks—such as community detection and
the identification of critical nodes-remains to be further exploration. From
the experiment in this study, there are two main conclusions: First, higher-
order interactions generally have a significant and positive effect on pre-
dictive accuracy, although their effectiveness may vary across different
networks and is not universally guaranteed. Second, compared to the n-
projected method, the n-reduced method proposed in the study retains
more higher-order information. This is evidenced by the fact that the n-
reduced method achieves a higher accuracy in hyperedge prediction under
the same conditions.

In conclusion, we offer three specific suggestions based on our
findings. First, our results show that higher-order interactions have a
significant and positive impact on hyperedge prediction. Therefore,
when computationally feasible, researchers are encouraged to prioritize
the use of hypergraphs to represent higher-order interactions, rather
than reducing them to pairwise interactions. Second, we observed that
the influence of higher-order interactions varies significantly across
different real-world networks. Therefore, in order to draw more com-
prehensive and reliable conclusions, further analysis should be con-
ducted on domain-specific and topology-specific hypergraphs. This may
even include the distinction of which hyperedges bring richer

information in a given hypergraph™. In addition, we propose a toy model
to investigate whether a small fraction of all possible nested lower-order
hyperedges can effectively retain the structural information of higher-
order interactions. As shown in Supplementary Note 6, retaining only
20% of reduced hyperedges-specifically those involving large-degree
nodes—can achieve very close prediction accuracy to the original n-
reduction method. Finally, as the n-reduced operator can effectively
retain higher-order interaction information, we recommend researchers
use the n-reduced graphs as an analytical tool to quantify the role of
higher-order interactions on specific dynamics (e.g., propagation and
synchronization)* and other graph mining tasks (e.g., critical nodes
identification and community detection)®*.

As with any research, this study has its limitations. The n-reduced
method is heuristic in nature and lacks a rigorous mathematical or physical
theory to quantify how much information it remains. Therefore, an
important yet challenging direction for future study is how to design a
rigorous theory. Maybe one can first consider a statistical theory on
hypergraph configuration model®’. Benson et al.” attempted to use lower-
order interaction data to predict the closure of simplicial complexes, and
thus, another issue for future study is to extend the current stepwise
decomposition method for simplicial complexes. Additionally, future
investigations could benefit from exploring diffusion models or statistics-
driven approaches. These methods may provide deeper theoretical insights
into the effectiveness of hypergraph-based analyses, thereby addressing
some of the current limitations.

Methods

The n-reduced graph

In order to analyze the role of all hyperedges with orders larger than a
threshold order, we propose the following method, referred to as the »-
reduced graph. Given a hypergraph G(V, E), its corresponding n-reduced
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graph, denoted by G,(V, E,), is defined as

E, :={e,

n

e, €E lel<snjUfe:eg €E,legl>n,e S eg,lel =n}. (3)

As defined above, the hyperedge set E,, comprises two parts: (1) all
hyperedges in G with k,<n are retained in E,; (2) the hyperedges with

k4 > nare decomposed into ( kr‘zx ) hyperedges, each of which has an order

of n. Note that when n =2, G,, is equivalent to the unweighted pairwise
projection of G; and when n = max,(k,), G, is equivalent to the original
hypergraph G. Unlike the n-projected graph, the n-reduced graph
retains the node set and all hyperedges with order no greater than n,
while decomposing hyperedges of order greater than n using sets of
hyperedges with order n. In summary, the n-reduced graph is an
approximated representation of the original hypergraph that consists of
hyperedges of orders no greater than », with the goal of minimizing
information loss, which is particularly suitable for evaluating the role of
hyperedges with orders larger than a threshold. Figure 4 illustrates the
construction process of a three-reduced graph. This hypergraph consists
of eight nodes and seven hyperedges, with the orders of six hyperedges
(e1, €2, €3, €4, €5, and eg) not exceeding 3. These hyperedges are directly
retained in the 3-reduced graph. For the hyperedge e; with k, >3, we
generate all three-order hyperedges by traversing all triples from the set
of nodes in the hyperedge e;, which are subsequently added to the three-
reduced graph.

Features and classifier

This study applies three local similarity features and three weighted features
to evaluate the likelihood of a set of nodes to form a hyperedge. The former
measures whether the nodes in the set are all adjacent to some other nodes
(two nodes are adjacent if they appear together in at least one hyperedge),
while the latter measures the closeness between pairs of nodes. In brief, the
former treats the candidate node set as a whole, whereas the latter views it as
the sum of multiple pairwise relationships.

In this study, local similarity features are direct extensions of classic
similarity indices used in link prediction**. (1) Common neighbor index:
The common neighbors of a hyperedge e are the common neighbors of all
nodes in e, that is

CN() = [, NWI, (4)

where N(v) represents the neighbor set of the node v. (2) Jaccard coefficient:
The Jaccard coefficient is a normalization index that divides the number of
common neighbors among all nodes in hyperedge e by the total number of

a b

|e|>3 |

|97|
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o ©

Fig. 4 | The process to construct the n-reduced graph. a shows the original
structure, b illustrates the 3-reduction process, and ¢ displays the reorganized
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(3) Adamic-Adar index: The Adamic-Adar index penalizes high-degree
nodes by dividing the degrees of common neighbors, as

1
Z logd;” (6)

fom@N (v) !

JCle) = )

AA(e) =

Weighted features measure the closeness among the candidates node
set by using different averages of the weights of direct connections between
node pairs. Let W,,,, denote the weight of the connection between nodes u
and v, which is defined as the number of hyperedges containing both 4 and
v. Clearly, if u and v are adjacent, then W,,, > 0, otherwise, W, = 0. For any
candidate node set e, let E, represent the set of pairs of adjacent nodes in e,
that is

E,:={(u,v):uceveeW,>0}. (7)

Note that u € eand v € e do not necessarily imply W,,, > 0, as e may notbe a
hyperedge in the original hypergraph. Accordingly, we can calculate the
average weight of all adjacent node pairs in e using three different methods.
(4) Geometric mean:

L
GM(e) = (H et ) & (8)
(5) Harmonic mean:
|E,|
HM(e) = =——- 9
Z(u,v)EEe le ( )
(6) Arithmetic mean:
w
AM(e) = 72:(';5' w (10)
e

This study integrates the six features into a hyperedge feature vector
and utilizes the Logistic regression to train the model”. That is, the feature
vector of a candidate node set e can be represented as a linear combination of

.......

Reorganized structure

______________

them, the orders of e,, €3, and es are 2, the orders of e, e, and e are 3, and the order of
e; is 4. When n = 3, hyperedge e; is decomposed into all combinations of its nodes,

say {vy, V2, va}, {vi, v2, vs}, {v1, v, vs}, and {v,, v, v}
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[CN(e), JC(e), AA(e), GM(e), HM(e), AM(e)], and then this feature vector
is used to learn the scoring function f{e), such that:

=€

f<e>={"

<e,

ifecE

ife¢ E’ (a1

where ¢ is the binary classification threshold of f(e), used to determine
whether e is a potential hyperedge.

Data splitting and sampling

This study randomly splits each dataset into a training set and a test set in an
8:2 ratio. The training set is utilized to train the model, while the test set is
used to evaluate the performance. For a given #, hyperedges in the training
set with orders greater than » are decomposed into multiple n-order
hyperedges using the n-reduced operator. It is worth noting that, we do not
reduce the hyperedges in the test set in order to preserve the integrity of the
original true hyperedges, which can avoid introducing potentially mis-
leading hyperedges. To enhance the model’s generalization capability, 5-fold
cross-validation is performed on the training set. Specifically, the training set
is randomly divided into five equal-sized subsets. In each time, one subset is
designated as the validation set, while the remaining four subsets are used to
calculate feature vectors, maintaining an 8:2 ratio between training and
validation data. This process is repeated five times, ensuring that each subset
is treated as the validation set once.

To address the significant disparity between the number of candidate
hyperedges and true hyperedges in hyperedge prediction (note that, this
disparity is much larger than that in link prediction for pairwise interaction
networks, because the number of possible hyperedges in a hypergraph is
about 2V, much larger than N? in a pairwise interaction network), this study
adopts a negative sampling strategy, which generates non-existent hyper-
edges (negative samples) to balance with the missing hyperedges (positive
samples) in both size and distribution™”". For each positive hyperedge e in
the validation set or the test set, we randomly remove one node v, from e and
then randomly select a node from the neighbors of e to replace v,. If the
resulting set of nodes, e, does not belong to the hyperedge set E,,, it is
considered to be a valid negative sample. This negative sampling method
ensures that the generated negative samples are structurally similar to
positive hyperedges, thereby increasing the difficulty of prediction. Conse-
quently, this method effectively enhances the model’s generalization cap-
ability, enabling it to more accurately distinguish between existent and non-
existent hyperedges.

Evaluation metrics

Hyperedge prediction is a specialized binary classification task aimed at
accurately distinguishing between positive and negative samples. To eval-
uate the predictive performance of the model, we utilize the Area Under the
ROC Curve (AUC) as the evaluation metric’>. AUC is widely used for
evaluating classification models, and our previous works™”® demonstrate
that AUC provides superior discriminability and greater information con-
tent compared to other commonly used metrics. The range of AUC s [0, 1].
If the prediction is assigned completely at random, the AUC value will be
0.5. A higher AUC indicates better predictive performance. Although some
studies suggest that AUC may exhibit evaluation bias due to imbalanced
positive and negative samples’”””’, the negative sampling method employed
in this study ensures a balanced number of positive and negative samples,
thereby mitigating these issues. To enhance the robustness of the results, we
conducted 10 independent experiments and used the average AUC as the
final outcome.

Data availability
All data associated with this study are accessible at https://github.com/
jackyjh/n-reduction-graph.

Code availability
The code used to analyze the data is available at https://github.com/jackyjh/
n-reduction-graph.
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