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We investigate nonreciprocal supercurrent phenomena in superconducting quantum interference
devices (SQUIDs) that integrate Josephson junctions with single and multiband order parameters,
which may exhibit time-reversal symmetry breaking. Our results show that the magnetic field can
independently control both the amplitude and the direction of supercurrent rectification, depending on
the multiband characteristics of the superconductors involved. We analyze the effects of in-phase
(zero) and antiphase (7) pairing among different bands on the development of nonreciprocal effects
and find that the rectification is not influenced by 7-pairing. Furthermore, we demonstrate that
incorporating multiband superconductors that break time-reversal symmetry produces significant
signatures in rectification. The rectification exhibits an even dependence on the magnetic field and the
average rectification amplitude across quantum flux multiples does not equal zero. These findings
indicate that magnetic flux pumping can be accomplished with time-reversal symmetry broken
multiband superconductors by adjusting the magnetic field. Overall, our results provide valuable
insights for identifying and utilizing phases with broken time-reversal symmetry in multiband

superconductors.

There is an exciting and rapidly evolving field of research in non-
reciprocal superconductivity. Nonreciprocal superconductivity refers
to a phenomenon where the properties of a supercurrent change
based on the direction in which it flows. This behavior is distinct
from conventional superconducting currents, which typically exhibit
symmetric isotropic flow. Studying nonreciprocal effects and the
rectification of supercurrents (the process of converting bidirectional
current flow to unidirectional current flow) not only enhances our
understanding of fundamental physics but also paves the way for
potential applications in next-generation electronic devices and
quantum technologies' ™

Several directions have been explored in the design of nonreciprocal
superconducting effects, with a particular emphasis on the role of materials
in developing supercurrent rectifiers. Research has shown nonreciprocal
superconducting transport in both traditional superconducting materials
and a wide variety of other materials. These include for instance non-
centrosymmetric  superconductors’’, chiral superconductors’, two-
dimensional electron gases, semiconductors'*", Dirac materials’, pat-

terned  superconductors'™?,  superconductor-magnet  hybrids'*",

Josephson junctions that incorporate magnetic atoms'’, twisted graphene
systems'””,  high-temperature  superconductors” and  topological
insulators™”’.

Numerous intrinsic and extrinsic mechanisms have been put forward
to develop a superconducting diode capable of controlling the rectification
in both sign and amplitude. In this context, it is widely acknowledged that
breaking time-reversal and inversion symmetries constitutes a funda-
mental requirement for realizing a nonreciprocal supercurrent. Various
physical scenarios and mechanisms have been explored to achieve non-
reciprocal supercurrent effects, including the manipulation of Cooper pair
momenta'>**?°, the exploitation of helical phases”™', magnetic texture
and magnetization gradients’>”, the presence of screening currents™”,
and supercurrents associated with self-induced fields™”.

Typically, the breaking of time-reversal symmetry is accomplished by
applying external magnetic fields. Additionally, the presence of vortices is
anticipated to contribute to supercurrent diode effects, and this aspect has
been investigated across various physical configurations'®'"”"”"*. Moreover,
innovative proposals for magnetic field-free superconducting diodes have
emerged, utilizing magnetic materials incorporated into specifically
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Fig. 1 | Schematic illustration of a dc SQUID based on S-c-S type of Josephson
junctions. The notation ¢ means constriction between a single-band (gray part) and
a multi-band superconductor (brown part). I; and I, define the corresponding
currents through the Josephson junction.

designed heterostructures'*'°. Alternatively, mechanisms involving back-

action supercurrent effects due to applied gating® offer a pathway to achieve
superconducting rectification effects without relying on external magnetic
fields or magnetic materials. This diverse range of approaches highlights the
ongoing advancements in superconducting diodes, paving the way for novel
applications and technologies.

Regarding the origin of time-reversal symmetry breaking (TRSB), a
large variety of superconducting materials display characteristics indicative
of spontaneous TRSB below their transition temperatures™”. This phe-
nomenon can occur in the presence of spin or orbital angular momentum
of the Cooper pairs, due to disorder™, or in the presence of -
pairing—characterized by an antiphase relationship between the order
parameters across different bands. 7-pairing and multiband electronic
structures frequently occur together and usually signal the presence of
unconventional superconducting phases. This is evident in various mate-
rials platforms such as iron-based superconductors™®, oxide interface
superconductors™®, and systems exhibiting electrically or orbitally driven
superconductivity””™, as well as in multiband noncentrosymmetric
superconductors’ . Grasping the mechanisms behind TRSB in multiband
phases and pinpointing effective detection methods to explore the intri-
cacies of multiband superconductors remains a significant challenge that
has not yet been fully resolved. A striking manifestation of the occurrence of
TRSB superconductivity is to have a zero-field superconducting diode'>".
In this context, recently, the magnetic-field free superconducting diode
effect has been observed in intrinsic flakes based on kagome CsV;Sbs where
the dynamic modulation of the polarity of the supercurrent has been
interpreted as evidence of TRSB in the superconducting state’. Also, the
nonzero polar Kerr effect and the specific heat measurements indicate that
UTe, belongs to the class a multicomponent superconductor, in which
time-reversal symmetry is broken below the critical temperature”.

Focusing on Josephson devices employing conventional super-
conductors, the superconducting diode effect has been proposed by
exploiting the combination of high harmonics in the Josephson current
phase relation and applied magnetic field in single junctions or inter-
ferometric configurations*’*™*, both for dc and ac regimes®' and mul-
titerminal geometries**'. The nonreciprocal effects with conventional
superconductors have been measured in Dayem bridges* and in inter-
ferometric setups involving superconducting quantum interference
devices (SQUIDs)"*,

A different perspective is given by considering multiband super-
conductors that can spontaneously break time-reversal symmetry. Along
this line, it has been recently shown that nonreciprocal superconducting
effects can be achieved in Josephson junctions hosting multiband super-
conductors even without an applied magnetic field. Distinct features in the
parameter space have been obtained with the multipolar distribution of the
rectification amplitude, thus having a potential impact on the detection of
unconventional types of pairing™.

A question now arises: Can the combined application of multiband
superconductors, which undergo 7-pairing or possess a superconducting

order parameter that breaks time-reversal symmetry, along with a magnetic
field in interferometric setups, lead to nonreciprocal effects that enhance the
control of the rectification amplitude and the detection capabilities? In this
paper, we face this problem by investigating the phenomena of non-
reciprocal supercurrents within superconducting quantum interferometric
devices (SQUIDs), which integrate Josephson junctions featuring single and
multiband order parameters (see Fig. 1). Our study reveals that applying a
magnetic field operating the SQUID can influence the magnitude and
orientation of supercurrent rectification, in a way that depends on the
multiband characteristics of the superconductors involved. We delve into
how different pairing configurations—precisely zero and 7-pairing across
various bands—affect the emergence of nonreciprocal effects. Our analysis
demonstrates that the presence of 7-pairing does not alter the qualitative
behavior of the rectification process as a function of the magnetic field.
‘When we incorporate multiband superconductors that break time-reversal
symmetry, we observe distinct signatures in the rectification behavior: the
rectification becomes an even function with respect to the magnetic field,
and the average rectification amplitude across different quantum flux
multiples does not sum to zero. Moreover, for the case of SQUID based on
combined single and three-band superconductors, the rectification ampli-
tude is typically not vanishing at values of the magnetic flux for half-integers
of the flux quantum ®@,,.

This study sheds light on the properties of nonreciprocal transport in a
dc SQUID based on multiband superconductors in the presence of a
magnetic field and paves the way for the possibility of using the diode effect
to detect the TRSB state in superconducting materials with a multi-
component/multiband order parameter structure.

Results

dc SQUID based on Josephson junctions with single- and two-
band superconductors

Formalism. In this section, we present the formulation for deriving the
expression of the supercurrents flowing within the SQUID, assuming that
the junctions include a superconductor with a multiband order para-
meter (see Fig. 1). We start by introducing the phase differences in the
Josephson junctions between the order parameter of one band of the two-
band superconductor and the order parameter of the single-band
superconducting part of the SQUID loop as ¢;, where j specifies the
indices of the junctions (j= 1, 2). The single-valuedness of the phase
differences around the loop, which are thicker than the London pene-
tration depths for the single-band and the two-band superconductors,
requires®”*

pr— 9, =27 (1)

@,

where @ is the total magnetic flux and @, is the flux quantum.
It is important to note that the same quantization conditions are

applicable and valid for the phase differences between the second compo-

nent order parameter of the two-band superconductor and the order

parameter of the single-band counterpart:

(o +¢) — (9. +¢) =2ﬂ§, @)

0

which eventually coincides with the condition Eq. (1), where ¢ is the
intrinsic difference between the phases of the order parameters of the
two-band superconductor. This phase difference ¢ can acquire nonzero
values due to the presence of interband scattering’®**, which is
characterized by the microscopic coefficient T';; # 0 (for a dirty two-band
superconductor). In turn, we have that when I;=0 (ie., a clean two-
band superconductor), the values of ¢ are equal to 0 or 71, depending on
the attractive or repulsive character of the interband interaction and
correspond to the pairing symmetry of s, . or s., respectively. Instead,
for ¢ different from 0 or =, a dirty two-band superconductor is
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characterized by a complex superposition of the two order parameters
that thus breaks the time-reversal symmetry.

All calculations are performed upon the assumption that the critical
temperature TES) of the single-band superconducting part of the dc SQUID
is at least not less than that of the multi-band counterpart T® > T,

The total current in a DC SQUID can be represented as the sum of the
currents flowing through the two Josephson junctions:

gy, 9,) =L(9,) + L,(9,), 3)

where

nT
Lie) = e ZR o)z\/—m
w,C; + Fy (k7 — 1)

wy /K2 —C =1

wi,C; + Fy (k — 1)

w1} —C}—1

arctan — arctan

(4)

Here, the Josephson phase differences ¢; enter implicitly via the functions

Ff — FF
Ki :%7 (5)
Fy —F;
_EFT - EF ©
i — — ’
“’(Fo —F; )
where
FOi = %(FOin)’ (7)
Ff = Y(FxF}).
i 2 1 i

In turn, functions F; are expressed in terms of anomalous f; and normal
g Green’s functions, depending on the Matsubara frequency
w=w, =(2n+ 1)rT, and connected by the standard normalization
condition g; + | f,|* = 1. These expressions are represented as:

F; of;

w
e e I L 8
& «/wz—t—F,-Fj.‘f VR +FFT g ®

where to avoid confusion with the notation for a magnetic flux @, the set of
@, functions taken from the original paper ref. 86 for the determination of
the Josephson current has been redefined as F, and F..

Finally, the notation RI(\’,I represents the partial contributions to the
resistance of the junctions (also known as the Sharvin resistance for the case
of point contacts™). For s1mp11c1t27 and to facilitate further consideration, we
assume Rg\l,i Rg\}; Rg\% 2 RE@ R&ZB, except in special cases
where it will be specified.

Eq. (4) is the cornerstone of our further calculations and the subsequent
consideration of a dc SQUID behavior. It was derived in ref. 86 within the
Usadel equations formalism, generalized for the case of multicomponent
superconductivity with the interband scattering effect included. The solu-
tion of the Usadel equations was done under the approximation of the
Josephson junction as a short filament, smaller than the characteristic
coherence lengths of all superconductors forming a Josephson system. This
allows one to neglect all terms except the gradient ones and to obtain an
analytical answer for Green’s functions and then the expression for the
current by means of the parametrization in the form of Eq. (8).

Our choice to employ the Usadel formalism for the two-band model is
driven by the fact that interband scattering can influence the pairing
structure, particularly if a nonzero interband phase difference is realized.
The use of the Usadel formalism allows us to investigate these behaviors and
the role of interband scattering, thus providing extra insight into the

evolution of the nonreciprocal superconducting effects in disordered
superconductors.

Let us also note that in the absence of interband scattering, the Usadel
equations for a two-band superconductor are split into two independent,
uncoupled equations, which are expressed simultaneously in rather simple
current-phase relations and at the same time in symmetric transport
through Josephson junctions. As a result, the diode effect does not emerge.

For a conventional s-wave single-band superconductor Fj is given by
the simple expression:

Fy = 8ol exp(—ig,/2), ©

where |A| is the modulus of the order parameter.
For a dirty two-band superconductor, the functions F; can be written
via Eq. (8) with the approximated expression for

f f(O) +f(1) (10)

where

(0) (w+F21)A1+F,zAZ
fi w(w+T,+T
(“"Jr Pha 21)
© _ (0tTp)A 4154,
2 - w(m+l"u+l"21)

(11)

and

12(w+1'21)(A Az)|f 0)‘ - [((UH’FA )2+F12(w+2F21)) Al+r12(w+rlZ)AZ:| |f'10)‘2
w(w+1",2+1'21) ’

P [ ((@+T0) 4T (020,)) 8,4 Ty (0T ), 10T
w(w+F,Z+I‘Zl) ’

(1)
fi

@ Tale+rp)(a, =8I
=

(12)

taking into account the normalization condition for the anomalous and
normal Green’s functions, together with corresponding expressions for the
order parameters A; and A,

A=A |exp( 901) (13)

and

- |A2|exp(i%+i¢). (14)

Egs. (11 and 12) are valid in the region where both |A;| are small, ie.,
near the critical temperature T("). The latter is determined not only by the
intraband and interband interactions in a multiband superconductor but
also by the interband scattering rate I' =T, =T5;, where the additional
assumption of equal density of states at the Fermi level for each of the bands
N =N, is 1ntroduced This effect is reduced T " compared to the critical
temperature T of a clean two-band superconductor when T = 0°%"",

The diode rectification amplitude, #, is determined by evaluating the
difference among the maximal amplitudes of the critical currents for for-
ward (I7) and backward (I_) flow directions:

el 13 15
IF 4117 (15)
The reason for studying the nonreciprocal parameter, i.e., the
rectification amplitude, is that the difference between the amplitude
of the supercurrent in opposite directions is sensitive to the breaking
of time reversal symmetry in the superconductor that is employed in
the Josephson interferometer. Indeed, a nonvanishing and even
parity magnetic field dependence of the rectification amplitude in the
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examined interferometric setup can be employed as evidence of an
anomalous interband pairing structure.

The diode effect. We start by considering the nonreciprocal transport in a
dc SQUID, in which the two-band superconductor has no broken TRS
state and is characterized by either s, | (order parameter phase difference is
¢ =0) or s, (¢ = m) pairing. The numerical calculation was performed using
Egs. (3 and 4) displays the absence of any sign of diode effect. This result is
expected since it was shown earlier that the current-phase relation in each
Josephson junction between s-wave and s, or s. two-band super-
conductors has odd parity. However, when the partial contributions to the
resistances of the Josephson junctions are no longer equal, this statement is
violated, and the DC SQUID manifests evidence of nonreciprocal trans-
port. In this case, according to the results of the evaluation presented in
Fig. 2, depending on the applied magnetic flux @, the amplitude of recti-
fication 7 is affected by the symmetry of the order parameter in the two-
band superconductor: the blue curve represents 7(®) dependence for s, |
pairing and the red curve is for s, one. Interestingly, the inhomogeneity of
the conducting properties of the dc SQUID allows us to distinguish two
given types of symmetry of the order parameter in the two-band super-
conductor, exploiting the quantitative difference in the behavior of #(®).
From the experimental point of view, this difference can be performed
using a strategy similar to the one in the paper ref. 92. If the two-band part
of the dc SQUID has s+ -wave symmetry, one can measure the #(®P)
dependence. Further, by means of various design strategies, one might
enhance the role of impurities (e.g., by proton irradiation) in the given two-
band superconductor and correspondingly track the changes of #(®). The
potential appearance of differences between can be exploited to assess a
disorder-driven transition from s. to s, order parameter symmetry.

However, such behavior may not be treated as unique, belonging solely
to this type of DC SQUID. It was shown earlier that the nonmonotonic
alternating character of 7(®) with two peaks and zero rectification ampli-
tude at ® = /2 should also occur for both an asymmetric higher harmonic
SQUID, where one of the Josephson junctions has a higher harmonic of the
current-phase relation™, and for a dc SQUID with different transmissions of
Josephson junctions’ (see the thin black and green curves, respectively,
in Fig. 2).

In the absence of an applied magnetic flux, we can construct a phase
diagram of the dc SQUID as a Josephson diode showing the dependence of
the rectification amplitude on the parameters of the dirty two-band
superconductor: the microscopic coefficient I' and the intrinsic phase dif-
ference ¢ of the order parameters. The visualization of the numerical cal-
culations performed within Egs. (3) and (4) are presented in Fig. 3a as a
contour map of the function #(¢, I). As expected, for equal partial con-
tributions to the resistivity of two dc SQUID Josephson junctions, it coin-
cides with the analogous phase diagram of the Josephson junction formed
by a s-wave single-band and a dirty two-band superconductor®. We note
that, owing to the equal partial contributions to the resistance, the dc SQUID
effectively acts like a single Josephson junction. Here, the asymmetry in the
resistance would modify the phase diagram of the Josephson diode. In
addition, we point out that the present phase diagram is useful to guide the
discussion of the results, as it is a reference point for the study of non-
reciprocal transport in a Josephson interferometer, as discussed in the next
paragraph.

The bright red and bright blue regions on the phase diagram, which
correspond to the maximum and minimum values of the rectification
amplitude, are caused by the interplay between the sinusoidal and cosinu-
soidal components of the current-phase relations of the dc SQUID. Toge-
ther with the nontrivial dependence of their amplitudes on interband
scattering coefficient and the internal phase difference, a sizable value of #
emerges for the domains with large I' and ¢ near 0(27) or simply in the
vicinity of ¢ = 7 for an arbitrary value of T.

The construction of the phase diagram is performed within a non-self-
consistent approach, where ¢ and T are assumed to be independent vari-
ables. Such an assumption is reasonable because the ¢(I') dependence is also

NH O H QO HH SN
9’.\,@9’.\» N

@/@0

Fig. 2 | Comparative behavior of the rectification amplitudes # as a function of
applied external magnetic flux @ for different types of dc SQUIDs. The thin green
curve illustrates the dependence of #(®) based on conventional single-band s-wave
superconductors with asymmetric Josephson junction characteristics, one of which
includes higher sin 2¢ harmonics according to Eq. (20) in ref. 93 with given relations
between the partial contributions of the critical currents I;,,/I,, = 2 and Ij,/I,; = 0.5.
The thin black curve corresponds to the dependence 7(®) for dc SQUID based on S-
c-S type of Josephson junctions with different transparency values 7, =0.7, 7, = 0.8,
and described by current-phase relations in the form of Eq. (4) in ref. 78 (also known
as a generalization of the current-phase relations of the KO-2 theory”’™”’, to the case
of multichannel tunneling with different transparency™). The bold blue and red
curves represent the 7(®) dependencies for asymmetric dc SQUID based on
Josephson junctions between a conventional single-band s-wave and s (¢ = 0) and
s.-wave (¢ = ) dirty two-band superconductor I'/ TE(',") = 0.06, respectively, with
1A = 2|A,), |A,] = 3|A,] at T = 0.7T%", and with R{) /RY = 1, RN /RY) = 2
and R} /RY) = 3.

determined through four microscopic constants of intra- and interband
interaction. Due to them, it is possible to choose a pair of arbitrary values of ¢
and T, thus describing representative cases of the family of two-band
superconductors with the appropriate matrix of intra- and interband
interaction coefficients. Therefore, the phase diagram in Fig. 3a illustrates
the diode effect for a family of Josephson junctions including two-band
superconducting systems.

We would like to clarify the role of the parameter I' in our analysis and
the overall strategy we employ to explore the parameter space. Since our
approach is not self-consistent, we perform a scan over all possible values of
the phase ¢ to simulate the various equilibrium configurations that can
occur in a multiband superconductor. In this context, I'is used to investigate
how interband scattering influences the current-phase relation for any fixed
interband phase ¢.

We also note that interband scattering can introduce higher har-
monic contributions to the current-phase relation and affect the com-
petition between different pairing states, such as the 0 and 7 states,
including s, , and s, configurations. In particular, the second harmonic
can significantly impact the occurrence and magnitude of the rectifica-
tion amplitude, especially when the multiband superconductor breaks
time-reversal symmetry. An in-depth quantitative examination of the
role of the interband scattering effect through the quantitative parameter
T on the current-phase relations of the Josephson junction is carried out
in Supplementary Discussion (Supplementary Note 1) using Fourier
analysis (see Figs. S1 and S2 therein).

Although our treatment does not determine ¢ self-consistently,
scanning across the parameter space allows us to infer the behavior of the
junction under the influence of non-zero interband scattering, assuming
a fixed value of ¢. This approach allows for providing guidance inde-
pendently of the specific mechanism responsible for breaking time-
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Fig. 3 | The diode effect in a dc SQUID based on
the Josephson junctions between a single-band
and a dirty two-band superconductor. a The diode
rectification amplitude # as a function of the

0.1
0.08

intrinsic phase difference ¢ and the interband scat- ) S 0.06
tering rate I'/ TES") assuming a two-band super- =
conductor with |A;| = 2|A,], |A,]| = 3|A,] at ~ 0.04

T = 0.7T"). The white-filled circles depict the
reference points for tracking the evolution of # when
an external magnetic flux is applied. b The diode 0
rectification amplitude of a dc SQUID # vs an Q
applied magnetic flux ®/®, for I'/ T(Cf)") =0.02 and

¢ = /8 (solid black), ¢ = 71/2 (solid green), ¢ = 771/8

0.02

(solid red), ¢ = 971/8 (dotted red), ¢ = 371/2 (dotted
green), ¢ = 157/8 (dotted black). ¢ The same
dependencies for I'/ TE(V)") = 0.06. d The same
dependencies as in (c), but with the unequal con-
tribution to the Josephson junctions' resistance
RY1/Ryy = 1, Ry /RG) = 2 and R /Ry, = 3.

N O H O HE AN

<I>/‘I>0

reversal symmetry. For example, a distinct response of the rectification
amplitude is observed as I increases, depending on whether ¢ is near 0 or
close to .

To observe the evolution of the rectification amplitude of the dc
SQUID when an external magnetic flux is applied, we impose a set of
reference points on the constructed phase diagram with fixed values of T' and
¢ (white-filled circles in Fig. 3a) to encompass all possible hallmarks and
describe the behavior of such a superconducting Josephson diode. Following
these points, we plot the dependencies #(®) for I' = 0.02sz,6") (Fig. 3a),
I = 0.06T%" (Fig. 3b) and T = 0.08T'" (Fig. 3¢). For greater clarity and to
better track the evolution of the rectification amplitude, we deliberately
separated the curves of these functions for ¢ < 7 through solid lines and for
¢ > m using dashed lines.

Now, we can outline several features of the rectification amplitude
behavior. First, it is essential to note that the diode effect is still preserved in a
zero magnetic field. The diode effect vanishes when ® = /2, as well as
when @ = ®y/4 and @ =3D,/4 (Fig. 3b, ¢). The last two points with =0
result from the reciprocal compensation of the four contributions to the
total current through Josephson junctions with equal partial resistances. The
dependence of the rectification amplitude has a nonmonotonic sign variable
character with two peaks (minima or maxima) where the coefficient # has
the same sign. Moreover, the function #(®) is even with respect to the point
D = Dy/2.

It is obvious that the phase diagram of the Josephson diode demon-
strated in Fig. 3a can also be plotted for other ratios of the order parameter
moduli of the single- and two-band superconductors. Numerical simula-
tions reveal that, to a greater or lesser extent, the diode effect is also mani-
fested for other values of |A|/|Ao| and |A;]/]A|, except for a rather exotic
case from the point of view of real superconductors case when
[A] = 1A2] = [Ao|-

For completeness of the characterization, we additionally impose
unequal, arbitrarily chosen contributions to the resistance of Josephson
junctions and revisit the evolution of #(®) for the case of chiral symmetry
of the order parameter with the specific value of I'/ T(Eg" = 0.06.
According to the numerical calculations shown in Fig. 3d, the rectifica-
tion amplitude function loses its parity and acquires an asymmetric form
(compare with the set of analogous dependencies in Fig. 3¢). The loss of
parity of the r(®) dependence is an expected result since the dc SQUID is
no longer acting effectively as a single Josephson junction. The non-equal

contributions to the resistances form additional channels for the inter-
ference of current-phase relations with different amplitudes of the two
Josephson junctions. As a result, their superposition leads to a profile
without any parity of the rectification amplitude as a function of the
magnetic flux.

Based on the above features of the diode effect in DC SQUID, we can
introduce a quantitative criterion to identify the occurrence of the TRSB
state in a multicomponent superconductor in the form of a definite integral
of the function #(®P):

@,

7= / H(®)d.

0

(16)

If Z =0, as for the rectification amplitude dependencies in Fig. 2,
which are odd functions, then the TRSB state does not occur in this
superconductor. Otherwise, when Z#0 as to #(®) shown in Fig. 3b-d, this
state can emerge. It is important to note that in some exceptional cases, as
shown in the following for the case of a three-band superconductor, the
introduced criterion, Eq. (16), may fail.

To study the diode effect in a dc SQUID based on a two-band
superconductor, a specific intermediate temperature was chosen, which
is close enough to the critical temperature of the two-band super-
conductor without the interband scattering effect I'=0. Taking into
account that the interband scattering suppresses the critical temperature
of the two-band superconductor, such a temperature regime allows us to
apply a solution of the Usadel equations for the Green functions given by
the zeros of Eq. (11) and the first-order approximation as in Eq. (12). As
we approach the critical temperature, we have that the first-order
approximation, Eq. (12), becomes negligible, the chiral symmetry of the
order parameter vanishes, and the diode effect is not realized (this occurs
in the case of equal partial contributions to the Josephson junctions
resistance).

Conversely, with decreasing temperature, a more complicated
structure of the Green’s functions will come into play. Consequently,
the diode effect will be more pronounced, acquiring a saw-tooth-
like shape of the #(®) dependence similar to the thin black curve
in Fig. 2.

Communications Physics| (2025)8:356


www.nature.com/commsphys

https://doi.org/10.1038/s42005-025-02253-4

Article

dc SQUID based on Josephson junctions with single- and three-
band superconductors

Formalism. The quantization condition of the phase differences of a dc
SQUID can be easily generalized for the case of a three-band
superconductor®”*:

O]
P11 =P = 2n—, (17)

@,

where ¢; — ¢, is the phase difference of Josephson junctions between
the first order parameter of a three-band superconductor and the
order parameter of the conventional s-wave single-band super-
conducting part of the SQUID loop. The same is true for the phase
differences between the second, and third order parameters of the
three-band superconductor and the order parameter of the single-
band counterpart:

(0]
(‘Pl + ¢) - (‘Pz + ¢> = 2”5: (18)
0
and
0]
1 - =21,
(91 +06) = (9, +0) =275 (19)
o

where the intrinsic phase differences ¢ and 6 determine the phase
differences between order parameters A;, A, and A;, A; of a bulk
three-band superconductor. The phase differences ¢ and 6 control
the ground states of a three-band superconductor. If ¢ and 6 are not
equal to 0 or 7, the ground state undergoes frustration, and the TRSB
state emerges. Here, we ignore the effect of interband scattering and
put I';=0, i.e., a dirty three-band superconductor with strong enough
dominant intraband scattering compared to its interband counter-
parts is under consideration.

For simplicity, we consider a DC SQUID at a temperature equal to
zero and with energy gaps identical to each other |Aq|, for both super-
conductors. In this case, currents through junctions I(¢,) and I(gp,) can

be expressed as

I (‘P1) +1, ((Pz):

I(9,,9,) = (20)

where

74|
I (‘Pl) = eR(lo)

() ()

7l
eRg\};

s P1 Artanh[sm ('01]

=+

21

+ cos (% + 9) Artanh[sin (% + 9)]7

and

7|4 | .
I, ((Pz) = R(Z) os%Artanh[sm %]

1|z‘20>| cos (%2 + ¢ ) Artanhisin(%2 + ¢ )

7| A
eR?)

+ (22)

+

cos (% + 6) Artanh[sm((P2 + 0)]

The diode effect. Based on Egs. (20-22), assuming ¢; = ¢, and setting as
in the previous subsection equal contributions to the Josephson junctions
resistance R\ Rg\}; = l,RSi/R% =1,RD/RY =1, RS{/R@ = land
RSI / Rﬁ% =1, one can calculate the phase diagram of the state of a
Josephson diode based on dc SQUID as a function of the internal phase
differences ¢ and 0 in the absence of an external magnetic field (for
comparison, we recall that in the case of a dc SQUID based on a two-band
superconductor, the internal phase difference ¢ and the interband scat-
tering coefficient I are the governing parameters). The result presented in
Fig. 4a in the form of the contour map of the function #(¢, 0) predictably
completely reproduces the phase diagram of a superconducting diode
based on the Josephson junction between a single-band and a three-band
superconductor®. As in the case of a two-band superconductor, the
coincidence of the phase diagrams stems from identical contributions to

Fig. 4 | The diode effect in a dc SQUID based on
the Josephson junctions between a single-band
and a three-band superconductor. a Diode recti-
fication amplitude # as a function of the internal
phase differences ¢ and 6. The filled white circles
illustrate the reference points for tracking the evo-
lution of 7 when an external magnetic flux is applied.
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b Dependence of the diode rectification amplitude of -0.25
a dc SQUID vs an applied magnetic flux ®/®, for 0.5
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the resistances of the two Josephson junctions and as in the case of a two-
band superconductor their mismatch would modify the nonreciprocal
pattern with respect to the presented results in Fig. 4a. We also note that
the present phase diagram is useful to guide the study of the diode effect
when the magnetic field is included.

The reason for this behavior has already been pointed out ref. 86, and
for completeness, we include the discussion here. Over the lines defined by
the relations 8 = 2n + 1)7/2 + ¢, 0= 2n + 1)71/2 + ¢, 0 = nw — ¢, the even
harmonics of the second and third terms of Eqs. (21) and (22) cancel out.
This leads to the vanishing of the rectification amplitude for the case of equal
contributions to the Josephson junctions’ resistance. The robustness against
the applied magnetic field hints at the topological nature of these nodal lines,
which will be the subject of further study.

To elucidate the behavior of the DC SQUID in an external magnetic
field, we use the same strategy as in the previous subsection, i.e., we use
reference points (filled white circles) to study the rectification amplitude
evolution as a function of the applied magnetic flux. We have deliberately
arranged this set of points in the intervals 0 < ¢ <7 and 0 <8< 7 (the
third quadrant of the circle centered at ¢ = 7 and 6 = 7) because, as can be
seen, the pattern exhibits properties of translational symmetry. Thus,
considering Eq. (17) and the current-phase relations given by Egs.
(20-22), we compute the dependencies #(®P), including the so-called
nodal points, where the rectification amplitude is zero at ® =0 (see
Fig. 4b-d).

Due to the TRSB state, the rectification amplitude # is not equal to
zero in the zero magnetic field and remarkably has an even parity upon
reversal of the magnetic field. The dependence of the coefficient # on the
applied magnetic flux is qualitatively the same as for the dc SQUID based
on a two-band superconductor, ie., a sign-variable nonmonotonic
function with the presence of two maxima (minima) of the same sign.
Similarly, this function 7(®) is symmetric with respect to the vertical line
D = Dy/2.

A hallmark of the dc SQUID with a three-band superconductor is the
non-zero value of the rectification amplitude at @ =®y/2 in the vast
majority of the sets ¢ and 6 corresponding to the TRSB state. At the same
time, it is notable that the nodal points remain robust against the applied
magnetic flux, and the rectification amplitude is strictly zero for any value of
®. For example, Fig. 4b shows that a complete suppression of the rectifi-
cation amplitude is achieved for ¢ = 571/6 (red line) when 0 = 71/6. The same
occurs for 0= 7/4 (see Fig. 4c), where =0 for ¢ = 71/2 (green line) and for
0 =n1/3 (see Fig. 4d), when ¢ = 271/3 (magenta line).

Regarding the profile of the rectification amplitudes (Fig. 4b-d), the
sharp turn arises from the presence of multiple maxima and minima in the
current-phase relation due to the non-harmonic content of the current-
phase relation. Then, the transition between different extremal values as the
applied magnetic flux changes can lead to a rapid variation of the rectifi-
cation amplitude. Indeed, when the system shifts between configurations
that share the same forward or backward amplitudes, this results in a change
in the slope of the rectification value in terms of the applied magnetic flux.
We would like to note that this behavior can also manifest in the absence of
any source of TRSB within the multiband pairing, as illustrated in Fig. 2 and
in agreement with the findings of ref. 92. Furthermore, we observe that
abrupt variations in the rectification amplitude tend to become more gra-
dual at finite temperatures, owing to the averaging over various energy
configurations.

We draw attention to the fact that there may be configurations
where 7 =0, and the superconductor exhibits a TRSB state. For
example, this occurs at the points in the phase diagram shown in Fig. 4a,
where the black solid lines intersect. Apart from the indicator, we note
that the profile of the rectification amplitude in terms of the magnetic
field is generally expected to have an even parity component when the
time-reversal symmetry is broken through interband nontrivial phase
differences.

It is worth pointing out that the asymmetry in the conductive prop-
erties of Josephson junctions has the same qualitative character as in the case

of DC SQUIDs based on a two-band superconductor. In other words, the
functions #(®) are no longer even for a superconductor with TRSB state,
evolving to an asymmetric structure with Z#0 (see Fig. 2b). In turn, the
dependencies of #(®) for a dc SQUID based on a three-band super-
conductor without the TRSB state, when the internal phase differences
(¢,6)=(0,0), (¢, 0) = (0,7), (¢, 0) = (m,0) or (¢, 0) = (1, m), also demonstrate
the diode effect with the same value Z = 0 as in a two-band super-
conducting case (see Fig. 2a).

Without going into details, we also make a few remarks regarding the
temperature evolution of the rectification amplitude for the dc SQUID with
a three-band superconductor. As the temperature increases, the Josephson
current can no longer be represented as an analytical expression of Egs.
(20-22), except near the critical temperature, where the dependence
becomes sinusoidal. However, numerical calculations based on the general
expression for the current of Eq. (4) reveal the transformation of sawtooth-
like dependencies #(®) into smoother curves, and even near the critical
temperature, the diode effect can be preserved with Z#0 if the three-band
superconductor still has a TRSB state.

Conclusions

Having demonstrated the behavior of a SQUID in the presence of
multiband superconductors, it is interesting to discuss which materials
can be employed for the proposed effects. From a practical point of view,
the most suitable and promising compound for the implementation of a
multicomponent superconducting element of a dc SQUID can be taken
from the iron-based family, and in particular, the case of Ba,K; ,Fe,As,.
As experiments have shown™, at the doping level x = 0.73, a state with
broken time-reversal symmetry emerges in this multi-band super-
conductor, with critical temperature T" & 10 K and energy gaps in the
overdoped regime (0.4<x<0.8) at T=0 varying in the interval
[A3](0) =1 — 3 meV and |A3](0) =5 — 8 meV. In general, the ratio of the
energy gaps in this superconductor aligns with the ratio of the moduli of
the order parameters used to probe the diode effect in a two-band
superconductor (see Fig. 3). Note also that in the optimally doped regime
x =~ 0.4 ARPES studies show distinct gaps on the inner hole (smaller gap),
outer hole, and electron pockets (larger gap), justifying Ba,K;_Fe;As,
even as a three-band superconductor’>”. Although we have shown the
existence of nonreciprocal transport in a dc SQUID in the simplest case
of coinciding moduli of order parameters, it is obvious that the diode
effect will take place in the more complicated case of a real three-band
superconductor with unequal energy gaps.

On the other hand, the single-band s-wave part of the dc SQUID
could be niobium nitride NbN with T ~ 16 K and the energy gap
[Ap|(0) =2.5— 3 meV or some compounds from the superconducting
Al5 family (such as V3Si with T® ~ 17 K and the energy gap
[Ao|(0) =2.4 — 2.8 meV) or even the two-band superconducting mag-
nesium diboride MgB, with TES) ~ 39 K, in which both components of
the order parameter have an isotropic s wave structure without
the presence of the broken time-reversal state. Although in our calcu-
lations the relations between the order parameter moduli in single-
and two-band superconductors are a paradigmatic example, we recall
the fact established in this work that the diode effect is also manifested
for other energy gap relations. Therefore, the realistic choice of a single-
band counterpart for a multiband superconductor mentioned here does
not disrupt our conceptual conclusions regarding the emergence of
nonreciprocal  superconducting transport in such Josephson
interferometers.

Other relevant materials to be employed are those belonging to the
class of kagome materials. In this context, our results might account for the
qualitative features observed in the superconducting field-free diode effects
for the CsV;Sbs kagome system”. We expect that interference between
domains with different phases among the bands dependent order para-
meters will lead to asymmetric rectification amplitude in the applied mag-
netic field. Additionally, we argue that thermal cycles can lead to slight
changes in the phase of the superconducting order parameter, which would
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be associated with a sizable modification of the polarity of the nonreciprocal
response. This is explicitly demonstrated by our results when comparing
time-reversal broken configurations.

We note that non-reciprocity edge over conventional current-phase
relation lies in its ability to break the symmetry I(¢) = —I(—¢), i.e., the
parity with respect to the Josephson phase ¢, enabling directional
control of supercurrents, leading to phenomena like supercurrent diode
effects, and opening new avenues in superconducting device engineering
(e.g., superconducting isolators and circulators, elements to protect
quantum bits from noise, rectifiers in high-frequency and microwave
circuits, etc.).

Our findings can be potentially relevant for single-band super-
conductors with multiple components (e.g., px + ip,). However, due to the
directional character of the pairing components involved in the chiral state,
we argue that the proposed interference effects would be sensitive to the
interface orientation or to the interface character, thus making it more
challenging the detect or the occurrence of nonreciprocal phenomena.

Regarding the hallmarks of the supercurrent rectification interfero-
metric setup, we point out those related to the configurations integrating
multiband superconductors with broken time reversal symmetry. Our
findings show that the dependence on the magnetic field becomes even
parity for junctions having equal resistance, or they do not have any parity
for generic configurations. Hence, there is a net and sizable rectification
amplitude when sweeping the magnetic field over positive and negative
values or over multiple quantum fluxes. Then, due to the non-vanishing
rectification even in the presence of magnetic field variation, we argue that
with these types of SQUIDs one can envision the design of a magnetic flux
pump or magnetic field rectifier.

We would like to point out that there are two primary reasons
for investigating interferometric effects in multi-band superconductors.
First, the majority of known superconductors feature an
electronic structure with multiband or multiorbital characteristics and
can display unconventional pairing that involves the spontaneous
breaking of time-reversal symmetry. Examples include iron-based
superconductors, heavy fermions, transition metal dichalcogenides,
ruthenates, and even elemental superconductors such as niobium.
Detecting and confirming the presence of TRSB in superconductors is a
significant experimental challenge. Second, employing interferometric
setups enables us to leverage the interference between different super-
current channels, also related to the multiband character of the mate-
rials, through the application of magnetic fields. Our findings
indicate that nonreciprocal supercurrent effects observed in such
interferometric configurations may serve as signatures to probe and
understand the pairing structure in multiband superconductors. This
approach hence, may help to disentangle the complex nature of the
pairing mechanisms.

Moreover, we emphasize that the nonreciprocal behavior observed in
interferometric setups utilizing multiband superconductors that break time-
reversal symmetry enables the design of a rectification amplitude with a
distinctive mark: it can have an even-parity dependence on the applied
magnetic field. Typically, the rectification amplitude changes sign when the
magnetic field orientation is reversed. Our findings point to a different
behavior that, in turn, can serve as a clear signature of the interference
between supercurrents originating from multiband superconductors with
broken time-reversal symmetry and conventional Josephson currents. We
point out that this insight can provide valid support in understanding the
magnetic field dependence of the rectification amplitude observed in
kagome compounds™ and in van der Waals heterostructures such as NbSe,/
Nb;Brg/NbSe,".

Regarding the advantages of the use of multiband superconductors, we
also point out that they introduce multiple degrees of freedom that can
augment the range of exploitation and functionality as superconducting
diodes and, in principle, the efficiency (e.g., the strength of interband
interaction, interband scattering, and the ratio of the order parameters'
amplitudes).

The ability to detect a superconducting state with TRSB, measuring
nonreciprocal supercurrents, may offer a more effective approach
than other methods. This is because such measurements directly probe
the symmetry breaking, regardless of the magnetic field magnitude
generated by the Cooper pairs or their spatial arrangement.
This is demonstrated by the distinct magnetic field dependence of the
rectification amplitude when there is a nontrivial interband phase dif-
ference. We argue that this behavior with a non-vanishing
rectification signal in the interferometric setup can be observed even
when interband anomalous phases cancel out, resulting in a net zero
phase difference.

Data availability
The data that support the findings of this study are available from the
corresponding author upon request.
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