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Optimization drives advances in quantum science and machine learning, yet most generative models
aim to mimic data rather than to discover optimal answers to challenging problems. Here we present a
variational generative optimization network that learns to map simple random inputs into high quality
solutions across a variety of quantum tasks. We demonstrate that the network rapidly identifies
entangled states exhibiting an optimal advantage in entanglement detection when allowing classical
communication, attains the ground state energy of an eighteen spin model without encountering the
barren plateau phenomenon that hampers standard hybrid algorithms, and —after a single training run
—outputs multiple orthogonal ground states of degenerate quantum models. Because the method is
model agnostic, parallelizable and runs on current classical hardware, it can accelerate future
variational optimization problems in quantum information, quantum computing and beyond.

Mathematical optimization is ubiquitous in modern science and technol-
ogy. Spanning diverse fields like economics, chemistry, physics, and various
engineering areas, its applications abound'. In quantum information theory,
many problems relating to the approximation and characterization of
quantum correlations can be formulated as convex optimization problems’
~, which is a particular kind of mathematical optimization with provable
global optimality guarantees. For quantum problems where convexity is
hard to come by or the global optimality of the solution is a secondary
consideration when compared to the efficiency of the algorithm, variational
optimization provides a rich toolbox. When solutions are expected to be
quantum, hybrid quantum-classical variational algorithms are popular
choices. In these algorithms, variational optimization is carried out on the
classical parameters, while quantum gates and measurements are imple-
mented in the corresponding quantum circuit’"’.

Optimization is also at the core of every machine learning algorithm'".
Recently, machine learning algorithms have opened a new way to address
scientific problems spanning a broad spectrum, accelerating the integration
of Al into the scientific discovery process'>". In mathematics, they help
humans discover new results™ and develop faster solutions to problems'. In
biology, they help with drug developments'®. Particularly, generative models
have seen explosive growth in the form of large language models'"**, which
are transforming the way humans interact with machines. Applying these
models to science has enabled new solutions to mathematical problems to be

discovered"”. Meanwhile, generative models have also been widely applied to
quantum physics. For example, many-body quantum models can be effi-
ciently solved by restricted Boltzmann machines™), lattice gauge theories
can be simulated using normalizing flows’>”, quantum states can be more
efficiently represented by variational autoencoders (VAEs)**”, and quan-
tum circuits with desired properties can be generated by the generative pre-
trained transformer””.

However, despite these encouraging advances, current applications of
generative models to quantum problems usually focus on learning certain
features from training data sets, and then generating new data with similar
features. In the scenario where a classical (i.e., not quantum) generative
model is used to solve a quantum problem, the training data may be
quantum states or complex correlation information contained therein, and a
neural network is expected to generate new quantum states or information
resembling the training set.

In order to extend the possibility of applying generative models to
quantum problems beyond this scenario, inspired by the classical VAE,
we propose a method called the variational generative optimization
network (VGON), whose output does not just resemble the input, but
can be (nearly) optimal solutions to general variational optimization
problems. VGON contains a pair of deep feed-forward neural networks
connected by a stochastic latent layer, and a problem-specific objective
function. The intrinsic randomness in the model can be leveraged both in
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its training and testing stages. During the training stage, we have not
encountered any issues with the optimization getting trapped in local
minima. We believe this can be partially explained by having random
inputs, which effectively gives the optimization multiple starting points,
and the architecture of our model, especially the existence of the latent
layer, which regularizes the input and leads to good trainability. In the
testing stage, the randomness allows VGON to produce multiple optimal
solutions to the objective functions simultaneously, even after only a
single stage of training,

We apply VGON to a variety of quantum problems to showcase its
potential. We first demonstrate that it outperforms stochastic gradient
descent (SGD) by avoiding entrapment in local optima in variational
optimization problems of modest size, while also converging orders of
magnitude faster. For larger problems with tens of thousands of parameters,
we show that VGON can substantially alleviate the problem of barren
plateaux in parameterized quantum circuits. Since generative models allow
multiple optimal solutions to be found and generated simultaneously, a
capability that deterministic algorithms lack, we use VGON to explore the
ground state space of two quantum many-body models known to be
degenerate. We show that VGON can successfully identify the dimen-
sionality of the ground state space and generate a variety of orthogonal or
linearly independent ground states spanning the entire space.

Results

The VGON model

The architecture of VGON, shown in Fig. 1, consists of two deep feed-
forward neural networks, the encoder E, and the decoder D, are con-
nected via a latent layer Z containing a normal distribution
N (u(z), 6%(z)), where the mean p and the standard deviation o are
provided by E,,. During the training stage, input data x, is sampled from
a distribution P(x,), which in all our tests is the uniform distribution over
the parameter space. It is then mapped to the latent distribution
N (u(2), 6%(z)) by the encoder network E,,. Next the decoder network
Dy(z) maps data z sampled from the latent distribution N (u(2), 6%(2)) to
a distribution minimizing the objective function h(x). This minimization
is achieved by iteratively updating the parameters w and ¢ in E,, and D,
respectively. Due to the existence of a stochastic latent layer, the gradients
cannot be propagated backwards in the network. We solve this issue by
using the reparameterization trick™.

The key difference between VGON and VAE lies in the objective
function (also called the loss function in the machine learning literature):
instead of asking the output data distribution to approximate the input
distribution by maximizing a given similarity measure, VGON simply

Pw(zlxo) P¢(X|Z)

N(p(z),0%(2))

P(xo) .
e E a7 S D, S wini)

min KLV (p(2), o (2))IIN(0, 1))

Fig. 1 | The framework of variational generative optimization network. The
network is composed of an encoder network E,,, a latent space Z, and a decoder
network Dy, Training data xo sampled from P(x,) is first mapped into a latent
distribution N (u(2), 6%(2)) by E,(x,). Then a latent variable z sampled from

N (u(2), 6%(2)) is transformed to the output x by Dy(2). The parameters ¢ and w are
updated iteratively to minimize the objective function h(x), together with the
Kullback-Leibler (KL) divergence between the latent distribution N (u(z), 6%(z))
and the standard normal distribution A/(0, I).

requires the output data to minimize any objective function that is appro-
priate for the target problem. In addition, the Kullback-Leibler (KL)
divergence between the latent distribution NV ((z), 6%(z)) and the standard
normal distribution N(0, I) is also minimized during training, as part of the
objective function.

After the objective function converges to within a given tolerance, the
training stage is complete. To utilize the trained model, the encoder network
is disabled, and data sampled from a standard normal distribution N0, I)
are fed into the decoder network. Depending on the characteristics of the
objective function, the corresponding output distribution can be tightly
centered around one or multiple optimum values. Moreover, it is worth
mentioning that requiring the latent layer to follow a normal distribution
not only facilitates efficient optimization of the objective function but also
simplifies the sampling process, since the KL divergence between two
normal distributions can be analytically evaluated and sampling from a
normal distribution is computationally efficient.

The goal of VGON can be seen as finding a way which maps a
simple distribution defined over the latent space, i.e., the Gaussian, to
a complicated one, i.e., a distribution whose samples can minimize
the objective function with high probability”. This shares the spirit of
transport theory, where given two probability measures y and v on
spaces X and Y, we call a map T: X — Y a transport map if T«(y) =,
where T«(u) is the pushforward of y by T, representing the process of
transferring (or “pushing forward”) the measure y from X to Y via
the measurable function T. In an optimal transport problem™, one is
interested in finding a map T that minimizes the transport cost
Jc(x, T#(x))du(x), subject to the constraint that the pushforward
measure satisfies T«(u) =+, In addition to optimal transport pro-
blems, there are problems that do not have an explicitly defined
target distribution, where the task is evaluating the loss function
directly on the generated samples. In these problems, an optimal T
can either be found analytically, such as in inverse transform sam-
pling, where both distributions are one-dimensional®”, or T can be
learned/optimized from a parameterized Ty on training data, such as
generative model like normalizing flows”’, where both distributions
are high-dimensional but T is invertible and constructed using neural
networks. In VGON, the latent space usually has a much lower
dimension than the output layer, making T surjective, which means
every point in the target space can be reached by applying the
decoder to some latent input™. This surjectivity relaxes the require-
ment for invertibility and enables VGON to easily cover the complex
target distributions. In our experience, the best optimization results
come from training the encoder-latent space-decoder triple as a
whole, even though it is possible to achieve good results without
including the encoder in the training process.

To show that VGON can work well, we first use it to solve a variational
optimization problem with a known unique optimal solution: finding the
minimum ground state energy density among a class of quantum many-
body models that matches the lower bound certified by an SDP relaxation’
. More specifically, we consider a class of infinite 1D translation-invariant
(TT) models with fixed couplings3°, and the optimization variables are the
local observables. The ground state energy density of this class of models has
alower bound certified by a variant of the NPA hierarchy™. However, there
is no guarantee that any infinite TI quantum many-body Hamiltonian, if
couplings are fixed but the local observables can be arbitrary, can achieve
this bound. Meanwhile, by optimizing 3-dimensional local observables with
SGD and computing the ground state with uniform matrix product state
algorithms, a Hamiltonian whose ground state energy density matches the
above lower bound to seven significant digits has been found. We replace
SGD with VGON to conduct the same optimization, and find that the
converged model can (almost) deterministically generate Hamiltonians
whose ground state energy density matches the NPA lower bound to eight
significant digits, reaching the precision limit of commercial SDP solvers
(see Supplementary Note 1 for more technical details). Below we apply
VGON to several more complicated problems.
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Finding the optimal state for entanglement detection respective optimal values of p,™:
Entanglement detection plays a central role in quantum tasks such as
secure communication and distributed computing, where entangle- min P,
ment serves as a fundamental resource. Suppose two players, Alice F
and Bob, receive a bipartite quantum state p from a source, then they st tr(My(P)p) = Py 1)

want to determine whether p is entangled, with the smallest statis-
tical error.

They can either perform the experiment independently in their
respective laboratories and subsequently communicate the outcomes
from Alice to Bob, or choose to forgo communication entirely. In the first
scenario they are implementing a local operations and one-way classical
communication (1-LOCC) protocol while in the second scenario they are
implementing a local operations (LO) one. Implementing the 1-LOCC
protocol experimentally requires fast real-time switching of Bob’s mea-
surement settings and a quantum memory to store Bob’s half of the state
while Alice performs her measurement and communicates the result. Do
these extra experimental complexities yield tangible advantages such as
reduced statistical error probabilities? In fact, it has been shown that for
some simple states, such an advantage does exist, but it is too small to be
useful”. In fact, the advantage is highly dependent on the choice of target
states and is hard to estimate analytically. The goal of this task is to
identify high-dimensional quantum states for which this advantage,
defined as the gap between the minimum statistical error probabilities in
LO and 1-LOCC protocols, is as large as possible. This gap quantifies the
practical advantage of allowing one-way communication between the
parties in entanglement detection.

Specifically, given a quantum state p, the advantage is defined to be the
gap between the minimum probabilities p, of committing false-negative
errors (a.k.a. type-Il errors, defined as a source distributes an entangled state,
but Alice and Bob conclude the state they received is separable) when Alice
and Bob employ LO and 1-LOCC protocols, and the two protocols have the
same probability of making false-positive errors, i.e., type-I error, denoted p;
and defined as the scenario in which they conclude that they have received
an entangled state, while the source actually distributes a separable one. The
desired quantity can be computed by solving two SDPs that share the same
objective but differ in constraint structure. Specifically, the following SDP is
solved twice, once under LO protocol P € PO and once under 1-LOCC
protocol P € P10, The final result is obtained by subtracting the

p I —My(P) e S,
p ¢ plLo1-L0CC)

Here S* denotes the dual of the separable set S. The positive operator-
valued measure (POVM) operators My (P) can be constructed as
My, (P) = Zx’yAa’hP(x,y, Y(N)|a,b) A% ® Bf, where {A%} ({Bz}) are
predetermined measurements performed by Alice (Bob) with x (y) being
measurement labels and a (b) being outcomes, and Pis the shorthand for the
distribution P(x, y, Y(N)|a, b), which specifies the detection strategy by
assigning probabilities to particular combinations of settings, outcomes, and
decisions. Here Y'and N denote the decisions corresponding to the presence
or absence of entanglement, respectively.

For a random quantum state p, it turns out that the gap calculated
above is usually very small, as shown by the green dots in Fig. 2a. In order to
observe the gap under noisy experimental conditions, We focus on a linear
optical setup that generates bipartite qutrit states, which also allows us to
parameterize the state space. We first employ SGD to maximize the gap by
starting from random pure bipartite qutrit states. The results are shown in
Fig. 2a. The SGD algorithm gets trapped easily in local maxima and needs to
compute the gradient by solving dozens of SDPs. Optimizing the gap for
79,663 random pure states is computationally very costly (see Supple-
mentary Note 2.1 for more details). Most of these states exhibit gaps around
0.0036 before optimization, while the largest gap afterwards is 0.083722.

The results of using VGON to maximize the gap are depicted in Fig. 2b
and summarized in Table 1. Based on 3000 sets of initial parameters pro-
duced by uniform sampling, the model converges after less than 2h of
training. After that, we use it to generate 10,000 output states. We find that
over 98% of them manifest gaps over 0.08, while over 50% of them have gaps
larger than 0.0835. A similar performance has been observed even when
choosing the initial quantum states from a variational submanifold of the
space of all mixed states, where out of 10,000 states generated by the con-
verged VGON model, 83 have gaps larger than 0.0837, with an average
purity of 0.99999. For comparison, we also apply seven other global
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optimization algorithms and a Multilayer Perceptron (MLP)—a neural
network with multiple fully connected layers—to this task, and find that
VGON consistently outperforms all the baseline methods (see Table 2 and
Supplementary Note 2 for more details). Importantly, using VGON to solve
an experiment-relevant instance of this problem allows us to experimentally
demonstrate the advantage of 1-LOCC protocols over LO ones in detecting
entanglement, where we can observe an error probability that is impossible
to achieve with local operations alone™.

Alleviating the effect of barren plateaux in variational quantum
algorithms
On problems with a moderate size of optimization variables, VGON has
shown its ability to quickly converge to the (nearly) optimal output dis-
tribution and generate high quality solutions with high probability. In near-
term hybrid quantum-classical algorithms such as the variational quantum
eigensolver (VQE)®, however, the number of classical parameters can
quickly reach thousands or tens of thousands. The performance of such a
hybrid algorithm can be hard to predict. On the classical part, the problems
of vanishing gradients and having multiple minima are often present”*.
On the quantum part, the choice of ansitze greatly affects the expressivity of
the quantum circuit, making the certification of global optimality
difficult**.

For example, in a typical VQE algorithm, a parameterized variational
circuit U(0) is used to approximately generate the ground state of a target

Table 1 | Performance comparison between variational
generative optimization network (VGON) and stochastic
gradient descent (SGD)

Method Percentage of states with gap
20.08 >0.08355 0.0837 +5x10°°
SGD with pure states 1.52% 0.57% 0.43%
VGON with pure states 98.59% 52.75% 9.38%
VGON with mixed states 99.32% 57.36% 22.19%

The comparison is carried out on finding states which maximize the advantage of one-way local
operations and classical communication (1-LOCC) protocols over local operations (LO) ones.

Table 2 | Comparisons of variational generative optimization
network (VGON) with seven global optimization algorithms
and multilayer perceptron (MLP)

Algorithm Maximal optimized gap Run time
GlobalSearch 1.2e—-07 24h

Multistart 0.0726 24h

Genetic Algorithm 0.0779 24h

Particle Swarm Optimization 0.0348 24h

Simulated Annealing 0.0067 24h

Pattern Search 0.0717 24h

Surrogate optimization 0.0412 24h

MLP 0.0384(mean) 3000 iterations
VGON 0.0837 3000 iterations

Hamiltonian H. The circuit structure usually loosely follows the target
Hamiltonian and is often called an ansatz. Then by setting the energy of the
output state |1//(0)> = U(0)|00 - - - 0) with respect to H, i.e., (y(0)|H|y(6)),
as the objective function, the algorithm iteratively updates the parameters in
the quantum circuit by applying gradient-based methods on a classical
computer. When the algorithm converges, the output quantum state will
likely be very close to the ground state of H.

However, when the size of quantum systems increases, gradients
vanish exponentially. This is primarily because the random initializations of
parameterized unitaries conform to the statistics of a unitary 2-design*"*’,
making the working of gradient-based optimization difficult. To overcome
the BP problem, several strategies have been proposed and investigated, with
the small-angle initialization (VQE-SA) method being identified as an
effective technique™ ™. It initializes parameters 6 to be close to the zero
vector, which differs from the statistics of the parameters from a 2-design
and thus may alleviate the BP problem.

The advantage of VGON over VQE-SA in alleviating BPs can be seen
when we use them both, with the same parameterized quantum circuit, to
compute the ground state energy of the Heisenberg XXZ model. Its
Hamiltonian with periodic boundary conditions is given by:

N
_ i it i i+l il
Hyy, = E (axax +o,0, 0,0, ),
i=1

where O'i,%Z denote the Pauli operators at site i. The ansatz for the para-
meterized quantum circuit is inspired by the matrix product state
encoding”. It consists of sequential blocks of nearest-neighbor unitary gates,
each of which is made of 11 layers of single qubit rotations and CNOT gates
(see Supplementary Note 3.2 for more details).

By choosing N = 18, the circuit contains 816 blocks and 12,240 varia-
tional parameters. The average ground state energy, computed using exact
diagonalization (ED), is —1.7828. We use both VQE-SA and VGON to
compute the same quantity, with each method repeated 10 times. The results
are shown in Table 3 and Fig. 3, where the mean values and the 95%
confidence intervals of these methods are visualized. The dark-blue and the
green lines represent the average energy for VQE-SA and VGON, whose
mean values at the last iteration are —1.7613 and —1.7802, respectively.
Furthermore, to compare the performance of the two methods in a more
fine-grained manner, we also calculate the fidelity between the states pro-
duced by the quantum circuit and the exact ground state. As the purple line
depicted, VGON can achieve a 99% fidelity by around 880 iterations, while
the VQE-SA method can only achieve 78.25% fidelity within the same
number of iterations. We would like to remark that since the quantum
computational resource consumed in VGON is similar to that in VQE-SA
and classical computational resource is relatively cheap, the wall clock time
cost per iteration for VGON can be comparable to that of VQE-SA.
Moreover, the batch training of VGON can lead to a more stable con-
vergence. For practical on-hardware quantum optimization, batch evalua-
tion also enhances noise robustness by averaging over multiple circuit
executions, thereby mitigating stochastic fluctuations, suppressing outliers,
and accelerating convergence. For another comparison, VQE with uni-
formly random initial parameters can barely provide meaningful results due
to the presence of barren plateaux, where the mean value of the average
energy is —0.1367 after 1000 iterations across ten repetitions, as illustrated
by the light-blue line in Fig. 3.

Table 3 | Comparison between variational quantum eigensolver (VQE), VQE with small-angle initialization (VQE-SA), and

variational generative optimization network (VGON)

- Optimal Mean
VQE VQE-SA VGON VQE VQE-SA VGON
Average energy —0.1374 —1.7684 —1.7821 —0.01367 —1.7613 —1.7802
Fidelity - 90.00% 99.82% - 80.01% 99.17%
Communications Physics| (2025)8:334 4


www.nature.com/commsphys

https://doi.org/10.1038/s42005-025-02261-4

Article

Average Energy, VQE —— Average Energy, VGON —— Fidelity, VQE-SA

—— Average Energy, VQE-SA - Average Energy, Exact —— Fidelity, VGON
101 fFececcccccmmmmmmmmmemmmemememsmem==== 1.0
Fidelity = 0.99
051 L 0.8
> 4
= 00 0.6
o z
IC i
N R e TRy 0.4
4
_10 1T 0 0 o T T T
r0.2
~151 Iteration
ED = -1.7828
O s s s = 700
0 200 400 600 800 1000

Iteration

Fig. 3 | Mean values and 95% confidence intervals of the energy densities and the
fidelity to the exact ground state at different iterations. The light-blue line shows
the average energy at different iterations for variational quantum eigensolver (VQE).
The dark-blue (red) and the green (purple) lines represent the average energies
(fidelity between the produced state and the exact ground state) at different iterations
for the variational quantum eigensolver with small-angle initialization (VQE-SA)
method and variational generative optimization network (VGON)), respectively. The
exact average ground state energy is depicted by the black dots. The inset zooms in on
the convergence behavior of the average energies for VGON and VQE-SA, show-
casing the faster convergence of VGON. Each method is repeated ten times to
calculate the mean values and 95% confidence intervals.

Identifying degenerate ground state space of quantum models
Deterministic gradient-based optimization methods are predisposed to
follow a single path, therefore hampering their ability to efficiently detect
multiple optima. A unique advantage of generative models is the ability to
produce diverse samples of objects, all of which may minimize the objective
function. In optimization, this leads to the possibility of finding multiple
optimal solutions with a single stage of training. We now show that when
appropriately trained, VGON exemplifies such an effective capability for
generating multiple (nearly) optimal solutions simultaneously. This cap-
ability can be largely ascribed to its integration of randomness and the
adoption of batch training. The former facilitates broader exploration within
the variational manifold, while the latter, which involves processing subsets
of data samples concurrently, supports the collective identification of
multiple optimal solutions.

A natural multi-optima problem in quantum many-body physics is the
exploration of degenerate ground spaces of quantum many-body Hamil-
tonians. We apply VGON to two Hamiltonians with known degenerate
ground states: the Majumdar-Ghosh (MG)*** model in Eq. (2), and a
Heisenberg-like model in Eq. (3) coming from one of the contextuality
witnesses presented in ref. 37:

N
HMG — 2 o - o_1+1 + o_z+1 . o.l+2 + o - 0.1+27 (2)
i=1
N
_ i i+l i i+l i i+l
H,;, = E (2040 +0\0," —0,0.7), (3)
i=1

whereo’ = (o', 0;,, 0! ) are Pauli operators at site i. We take N = 10 for Hy,
and N =11 for H,3,, making their ground state spaces five- and two-fold
degenerate, respectively. An orthonormal basis for their respective
degenerate ground state spaces is computed by the ED method, which
outputs five vectors v, ) ... |vs) spanning the ground state space of Hyc,
and two vectors |u1> and |u2> spanning that of Hy;s;.

The overall objective of this problem is similar to the previous one:
finding the ground states of Hy; and Hy;, with variational quantum
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Fig. 4 | The overlap between 1000 states generated by the trained variational
generative optimization network and the orthonormal bases of the ground space.
The corresponding orthonormal bases of the ground space are computed by

exact diagonalization, with notations |u 1> and |u2> for H,3, shown in (a) and

[v, >, |v2>, cee |v5> for Hy shown in (b). The shaded curves show the population
densities of the generated states having different overlaps with one of the basis states.

circuits. We maintain the same circuit layout as in the previous problem, and
use 36 and 60 blocks of unitary gates for each Hamiltonian respectively.
Profiting from the use of mini-batches to estimate gradients, a common
technique in training neural networks, VGON can effectively evaluate many
different circuits simultaneously. Meanwhile, to enhance intra-batch
diversity, a penalty term consisting of the mean cosine similarity among
all pairs of sets of circuit parameters in the same batch is added to the
objective function. This penalty term, together with the mean energy of the
states in the batch, ensures a balance between maintaining the diversity of
the generated outputs and minimizing the energy. Further details can be
found in Supplementary Note 3.1.

As a result, unlike VQE-based algorithms aiming to generate multiple
energy eigenstates, the objective function of VGON is model-agnostic. In
other words, with no prior knowledge of the degeneracy of the ground space,
VGON is capable of generating orthogonal or linearly independent states in
it. In comparison, to achieve a diversity of outputs with VQE-based
algorithms™”, it is essential to provide diverse inputs for the VQE model.
However, attaining this diversity can result in barren plateaux within the
optimization landscape. Though employing VQE-SA may address this
problem, it could significantly diminish the diversity of inputs, as it tends to
constrain inputs to values near zero.

We generate 1000 output states for each Hamiltonian using a VGON
model trained with the above objective function. We find that the vast
majority of these states have energy low enough to be treated as ground
states. Figure 4 shows the overlap between the generated states and the basis
of their ground state space. In Fig. 4a, the generated states for H,;3, fall into
two orthogonal classes, which form an orthonormal basis of the ground state
space. For Hy,c, Fig. 4b shows that most of them are linearly independent
and span the same space as |v;) ... |vs).

Conclusions

We propose a general approach called variational generative optimization
network, or VGON for short, for tackling variational optimization chal-
lenges in a variety of quantum problems. This approach combines deep
generative models in classical machine learning with sampling procedures
and a problem-specific objective function, exhibiting excellent convergence
efficiency and solution quality in quantum optimization problems of var-
ious sizes. Particularly, it may alleviate the barren plateau problem, a per-
vasive issue in variational quantum algorithms, and surpasses the
performance of the VQE-SA method, an approach designed specifically to
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avoid barren plateaux. Additionally, the capability of VGON to identify
degenerate ground states of quantum many-body models underscores its
efficacy in addressing problems with multiple optima. Beyond the quantum
world, generative models are emerging as powerful tools in the field of
optimization problems. For instance, diffusion models are now being uti-
lized for combinatorial optimizations™. Due to the flexible designs, we also
envisage VGON and such algorithms to complement each other in
addressing a broader spectrum of optimization challenges.

Methods

Details on VGON

A VGON model contains two neural networks, i.e., the encoder E,, : X —
Zandthedecoder Dy : Z — X connectedbyalatent space Z,and they are
parameterized by w, ¢, respectively. These parameters are iteratively
updated to produce a solution distribution Py, ,(x) such that the expectation
of an objective function h(x) is optimized:

Ex'vPv,.w(x) [A(x)]

_ / | / h(Dy(2)) P, (2l P(xo)dxodz

- / h<D¢(z)>Pa,(z)dz

= Ez~Pw(z) [h <D¢ (Z)ﬂ .

More specifically, the input data x, is sampled from a given distribution
P(xo), which is then mapped to the latent distribution P,,(z) by the encoding
estimator E,, i.e., P,(2) = [ P,(z|x)P(x)dx,. Next the decoding estimator
Dg(z) further maps the latent distribution P,,(2) to a distribution Py, (x) of
the target data x, which is right the input of the objective function h(x).

Additionally, for the convenience of training, we constraint the dis-
tribution of the latent space to be a normal distribution A/ (u(z), 62(2)), and
try to minimize the distance between it and the standard normal distribu-
tion NV(0, I), measured by the KL divergence. Specifically, the cost function
for VGON is formulated as:

C¢, ©) = Eyp, o[h®)] + B- DN (u(z), *(@)IIN(O, D], (4)
where the hyperparameter f3 represents the trade-off between the
expectation of the objective function and the above KL divergence.

In our implementations of VGON, all the training procedures are
conducted based on the PyTorch framewor * To address different tasks,
diverse objective functions h(x) are employed, and each requires a specific
interfacing with PyTorch. The configurations of these VGON models will be
detailed in the subsequent sections, which can provide us a comprehensive
understanding of how VGON is tailored for different optimization
challenges.

Details on finding the optimal states in entanglement detection
To find the quantum state that can exhibit the largest advantage of 1-LOCC
protocols over LO protocols in entanglement detection, the problem can be
formulated as maximizing the difference between the solutions to the two
SDPs introduced in Eq. (1), with the following objective function and
parameter space:

* Objective function: h(p', p,) = p5°*(p', p,) — Py L0 (', p))

* Parameter space: {e; € R, p’ € {pexp} or {p}}

Here, p; is parameterized as p; = (tanh(e;) + 1)/2, and {p.,,} and {p}
represent the set of states for the pure case and mixed case, respectively.

Efficient variational optimization for these SDPs and their integration
into the PyTorch framework for machine learning requires the use of
CVXPY and cvxpylayers™ . The first translates a convex optimization
problem into a form that solvers can understand, while the latter allows
automatic differentiation of convex optimization problems by computing
their gradients and backpropagate them through the neural network.

As we mentioned in the main text, the state space we consider follows
closely the linear optical setup which generates arbitrary bipartite qutrit
states p..,. Photons generated by the laser source are expressed as >l
where ¢; are complex numbers satisfying > ;= 1. Afterwards, these
photons go through spontaneous parametric down-conversion (SDPC),
which converts their state to |1//> >~.6ilii). In the case of qutrits, the state
can be parameterized as*>**:

¢

|1;/> smzcos¢ €"]00) —I—sm251n ¢"11) —|—cosf|22)7

where ¢, m, n € [0, 27), and 0 € [0, 7] are variational parameters. Subse-
quently, two local unitaries denoted by U,, Up can be applied on the two
subsystems, resulting in the quantum state:

o = (Us ® Uply)(yI(U} ® Up).

Here, U, (Up) can be parameterized by a set of 3” = 9 linearly-independent
skew-Hermitian matrices {T}}*, ie.,

9
U, (Up) = exp (Z /\jTJ-> ,
=

where A/’s are nine real numbers, denoted as A4 (1p). Therefore, the para-
meterized space for pure states Pexp 18 represented as:

{m7n7¢76 € R7 AA&"B € R9}

On the other hand, mixed qutrit states p € H> ® H> can be para-
meterized by:

p=UzU",

where X is a 9 x 9 diagonal matrix whose diagonal entries are nonnegative
and sum to 1, and U'is a unitary matrix that can be parameterized by a set of
9* — 1 generalized Gell-Mann matrices {T}}*, i..,

91
U = exp <i Z /le]) ,
=1

where )Lj’s are 9” — 1 real numbers, denoted as A € Rgz*l. Furthermore, the
normalized diagonal matrix X, denoted as diag(c?, - - - , 03), can be obtained
by ensuring that the Euclidean norm of the vector ais equal to 1, i.e., 6], = 1,
where ¢ = (0, -*+, 09). Consequently, the parameterized space for mixed
states p case is written as:

MeR" 1 oeR’: o], =1}

Details on alleviating barren plateaus in variational quantum
algorithms
A typical VQE algorithm can approximate the ground state of a given
Hamiltonian H using a variational wave function generated by a para-
meterized quantum circuit (PQC) U(0), represented as |1//(0)> =
U(0)|00 - - - 0). This sets up the minimization problem:

. Ob]ectlve function: h(6) = (y(6)|H|y(0))

 Parameter space: {0 € RMy

The dimension of the parameter space M is determined by the struc-
ture of the PQC.

The simulation of PQCs and the computation of energy are imple-
mented by PennyLane”, a software library for quantum machine learning.
Its support of the CUDA-based CuQuantum SDK from NVIDIA enables

Communications Physics| (2025)8:334


www.nature.com/commsphys

https://doi.org/10.1038/s42005-025-02261-4

Article

VGON to handle over 10,000 variational parameters on a consumer grade
graphics card. PennyLane also provides seamless integration with PyTorch
and its machine learning toolkit. Efficient GPU-accelerated simulation of
PQCs is achieved by using the adjoint differentiation method® to compute
the gradients, after which the parameters are updated by the Adam
optimizer.

One of the key differences between VQE, VQE-SA and VGON is the
initialization of parameters. For the VQE and VQE-SA, the initial para-
meters 0 are uniformly sampled from the range [0, 27) and [0, 0.01),
respectively. In VGON, on the other hand, the decoder initialized using
PyTorch’s default settings generates the circuit’s initial parameters 6. For
more details on these methodologies and the comparisons between their
performance, please refer to “Alleviating the effect of barren plateaux in
variational quantum algorithms” in “Results” and Supplementary Note 2.

Details on identifying degenerate ground state space of
quantum models
To identify the degenerate ground space of a Hamiltonian H with VGON,
the objective function needs two pivotal components to steer the optimized
quantum state |1//(0)> towards diverse ground states. The first component
utilizes a PQC U(@) to generate the state |1//(0)> = U(0)|00- - - 0), targeting
the ground space. The second component integrates a cosine similarity
measure into the optimization objective, aiming to enhance the diversity
among the generated quantum states.

Specifically, for a batch of S, states {|y(6,))}, the mean energy is cal-
culated by:

Sy

E(©) = Sib2<w(9,-)|H|w(e,~)>,

i=1

where ® = (6,,0,,- - , 65, ). In addition, a penalty term for the objective
function based on the cosine similarity is defined as:
_ 1 0,-0
Sp @) =— >
%, C2 | 2 16, 1116, 1

b (i)€Cs,

where C; represents the set of all 2-combinations pairs derived from the
elementsin {1,2, --- , Sy}, and || - || denotes the Euclidean norm. Eventually,
the optimization objective is set as minimizing the linear combination of
E(®) and ch (®) according to a trade-off coefficient y, i.e.,

« Objective function: H(®) = E(@) + y - Sz (©)

 Parameter space: {® € RSMy K

We estimate the quality of the generated state by computing the
overlap between them and a basis of the ground space. Such computations
can be resource-intensive, and therefore we only demonstrate the perfor-
mance of VGON for 10-qubit systems.

Data availability
Data sets generated during the current study are available from the corre-
sponding authors on reasonable request.

Code availability
The complete code of this study is openly accessible via the GitHub repo-
sitory https://github.com/zhangjianjianzz/VGON.
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