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Abstract

Boron-rich lithium borocarbides are promising candidates for phonon-mediated high-temperature super-
conductors due to their metallic o-bonding electrons. Here, we use the cluster expansion method to identify
energetically stable configurations (colorings) of Li,B;C and Li;B,C,, which are characterized by a dis-
tinctive pattern of alternating B-B and B-C zigzag chains. Surprisingly, the optimal configuration of Li,B;C
exhibits an extremely low superconducting transition temperature of 7, < 0.03 K, which is attributed to
the suppression of deformation potentials near the Fermi level caused by the specific electron filling of B-B
zigzag chains. However, the o-bonding electrons at the Fermi level are highly sensitive to external strain or
pressure. Specifically, applying a -5% compressive uniaxial strain can significantly enhance the electron-
phonon coupling and the Eliashberg spectral function, boosting up 7. to 37 K. This work not only presents
a strategy for achieving high critical temperatures in Li B, ;C , compounds, but also provides valuable

insights into the complex interplay between electronic structure and superconducting interaction.
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I. INTRODUCTION

The allure of high-temperature superconductivity continues to fascinate the scientific commu-
nity worldwide. The metallization of strong chemical bonding electrons is considered as a pivotal
factor in the formation of high-temperature superconducting pairings in copper oxides [1], MgB,

[2] and hydrogen-rich materials under ultrahigh pressure [3].

The search for new superconductors with high transition temperature (7;.) has attracted tremen-
dous interest since the discovery of superconductivity. Inspired by the discovery of high-7.. super-
conductivity in cuprates and MgB,, the metallization of o-bonding electrons has been proposed as
a universal guiding principle [4] for discovering high-temperature superconductors. This concept

has been widely applied to numerous phonon-mediated superconductors [3, 5-13].

A o-bond is the strongest covalent bond formed by the direct overlap of two atomic orbitals,
each housing a single electron. In contrast, a o-antibonding state typically corresponds to a repul-
sive interaction in a diatomic molecule. However, in solid materials, o-antibonding states can also
play a crucial role by contributing to the attractive interaction that binds electrons together, as high-
lighted in Ref. [14]. Electronic bands originating from hybridized o-bonding or o-antibonding

orbitals are often situated far below or above the Fermi level.

As discussed in Refs. [4, 14], there are a number of ways to metalize o-hybrized electrons.
One way of inducing metallization involves the application of external pressure, as demonstrated
in the hydrogen-rich high-7. superconductor, SH3, under ultra-high pressure [3]. This external
pressure, combined with the chemical forces exerted on hydrogen atoms by neighbouring atoms,
can stabilize crystal structures. It can also alter the electron filling factor, raising the Fermi level
crossing the bands formed by the antibonding-o electrons. An alternative approach is through the
exploitation of the crystal field effect, as exemplified by magnesium diboride MgB, [4, 5, 15, 16].
In MgB,, the crystal structure consists of alternating layers of magnesium atoms arranged in a
triangular lattice and boron atoms in a honeycomb lattice. The crystal field effect induces a strong
attraction between the Mg?* ions and the 7 electrons in the boron layers, lowering the energy of
the bands associated with the hybridized 7 orbitals. This interaction elevates the energy of the
o-hybridized boron orbitals, bringing them into intersection with the Fermi level. A more general
and straightforward strategy is to manipulate the Fermi level by doping. Copper-oxide high-T

superconductors are typical examples of this type.

The superconductivity in magnesium diboride MgB, has spurred interest in exploring other



superconductors that exhibit metallic o-bonding electrons [6, 17-26]. Lithium borocarbide LiBC,
isoelectronic with MgB,, has garnered significant attention in this context [17, 18]. While pure
LiBC is a band insulator [27, 28], theoretical studies suggest that introducing lithium deficien-
cies to create hole doping in Li, ,BC could lead to superconductivity at relatively high critical
temperatures [17, 18]. However, experimental attempts to synthesize Li, ,BC with finite lithium
deficiencies have not been successful in stabilizing the expected crystal structure [27, 29-34],

prohibiting the expected metallization of the o-bonding electrons [34].

To mitigate the lattice instability caused by Li deficiencies, Gao ef al. suggested partially
substituting C atoms with B atoms in LiBC [4, 6]. Through first-principles calculations, they
identified two potential superconducting compounds within the Li, B ,,C, , series, Li,B;C (n = 2)
and Li,B,C, (n = 3), which were predicted to exhibit critical transition temperatures exceeding

50 K. Later on, similar proposals were made by several other groups [19-21].

However, determining the optimal configuration of boron and carbon atoms in Li B,,,C, |,
known as “the coloring problem” [35, 36], remains a challenge. Gao ef al. [6] and Bazhirov
et al. [20] investigated the electronic properties of these compounds using hypothetical crystal
structures. Other studies [19, 21] model the substitution effect by employing the virtual crystal

approximation.

In this work, we employ the cluster expansion method in conjunction with density functional
theory (DFT) to identify energetically stable configurations, also known as optimal colorings, of
Li,B;C and Li;B,C, [37-39]. Notably, these derived structures deviate significantly from previ-
ously proposed configurations with same chemical stoichiometries [6], resulting in totally different
electron-phonon coupling (EPC) properties compared with the previous ones. With using the Wan-
nier interpolation technique [40-42], we calculate the EPC properties and find that 7, of Li,B;C
is unexpectedly low, less than 0.03 K. However, when compressive uniaxial strain (-5%) is ap-
plied, the electronic structure of Li,B;C is significantly modified, dramatically increasing 7. by
over four orders of magnitude to approximately 37 K. This remarkable result provides valuable
insights into the complex interplay between electronic structure and phonon-mediated supercon-
ductivity. For clarity, we denote the previously proposed Li,B;C/Li;B,C, structures from Gao,
Lu, and Xiang’s work [6] as Li,B;C/Li,B,C, (Gao et al.), while the configurations proposed in

our work are denoted as Li,B,C/Li,B,C, (ours).



II. RESULTS AND DISCUSSION

A. Optimal coloring of Li,,B,,; 1C,_1 (n=2, 3)

To explore the optimal configuration, or “the coloring problem”, of B and C atoms within

B,,,C,.; layer, we begin with LiBC, whose lattice structure has been well established experimen-

n+l
tally. As depicted in our supplementary information (Fig. S3(b)), the B and C atoms in LiBC
form an ordered pattern, alternating at the vertices of a hexagonal lattice within each BC layer.
However, when B atoms partially replace C atoms, the arrangement of B and C atoms within each

B,.,C,., layer becomes more complex. This “coloring problem” has been largely overlooked in

n+1

previous studies on Li, B, ,,C,; [6, 19-21]. For instance, earlier investigations on Li,B;C (n = 2)

and L1,B,C, (n = 3) were based on the assumed colorings [6].

To address this issue, we investigated the stable configurations of Li,B;C and Li;B,C, using
the Cluster Expansion method. Our results (Figs. 1(a-b)) reveal that these colorings are markedly
more stable than previously reported configurations with comparable stoichiometries and lattice
structures [4], as detailed in Table I. Precisely, in the most stable configurations, B and C atoms are
not uniformly distributed within each B, ,,C, ; layer. Instead, as marked by green and dark blue

frames in Figs. 1(a-b), our B ,;C, ; layers can be visualized as assemblies of alternating B-B and

n+1
B-C zigzag chains. Moreover, these zigzag chains are interconnected by what we term “bridge
bonds” in this study, marked by red and light blue frames in the same figures. Compared with
earlier work, these unique arrangements significantly differentiate the colorings in terms of their

electronic and electron-phonon coupling properties.

The crystal structures of previously predicted Li,B;C (Gao et al.) and Li,B,C, (Gao et al.)
[6] are shown in Figs. 1(c-d). These structures represent two principal variations within the
Li B,,,C,, series. The first contains distinct layers of pure B atoms, mixed BC layers, and inter-
vening Li atoms, as exemplified by Li,B;C (Gao et al.) in Fig. 1(c). Namely, Li,B;C (Gao et al.)
can be construed as a LiBC derivative where half of the B layers are replaced by mixed BC layers.
However, the elongated B-B bonds compared to B-C bonds introduce additional energy penalty,

as Li,B;C (Gao et al.) must invest more energy to compress the pure boron layers and expand the

boron-carbon layers.

Another principle variation of Li B, ,,C, , involves uniform substitution of C atoms by B atoms

ineach B, ,,C, , layer, such as Li,B,C, (Gao et al.) or our low-energy structures. In Li;B,C, (Gao



et al.), a striking characteristic different from our optimized colorings is the absence of infinitely
linked B-B zigzag chains, as illustrated in Fig. 1(d). Instead, the B-B bonds in Li;B,C, (Gao et
al.) are confined to form isolated triangles that do not interconnect (highlighted as green triangles

in Fig. 1(d)).

B. Electronic structures

We calculated the electronic band structures of Li B ,,C, , (n = 2 and 3) with DFT method, as
illustrated in Fig. 2. The results indicate a clear correlation between the electronic structures and
the specific atomic arrangements of these materials. Based on chemical principles, the low-energy
bands near the Fermi level are predominantly derived from the sp? o- and p, m-bonding states
of the B and C atoms. Hence, our Wannierization employs the p,-like Wannier functions (WFs)
centered on B or C atoms and s-like bonding WFs centered on the B-B or B-C bond centers.

Owing to the similar lattice structures and chemical stoichiometries, the band structures of
Li B,,,C,, share some common features. First, all o-bonding bands exhibit a highly two-
dimensional behavior, as a result of their MgB,-like lattice. Besides, due to carbon’s lower
electronegativity compared to boron, the B-C o-bonding bands lie at a lower energy level than
their B-B counterparts. Consequently, as illustrated in Fig. 2, only the 7 and B-B o-bonding bands
intersect the Fermi level in all Li B, ,,C, ;.

Then let us firstly revisit Li,B;C (Gao et al.) for comparison. In Li,B;C (Gao et al.), the B-B
o-bonding WFs and 7 orbitals dominate the electronic physics near the Fermi level. This renders
Li,B;C (Gao et al.) as an alternative version of MgB,, albeit with increased hole doping: without
considering self-doping from 7 bands, one hole is doped in one B-B layer (three B-B o-bonding
WFs), so B-B o-bonding WFs are nearly 5/6-filled.

In Li;B,C, (Gao et al.), three 120° rotationally equivalent B-B o-bonding WFs strongly hy-
bridize with six B-C o-bonding WFs, as illustrated in Fig. 1(d). As a result, both the B-B and
B-C o-bonding bands in Li;B,C, (Gao et al.) exhibit significant hybridization and intersect the
Fermi level, influenced by the crystal field effects and boron substitution, as illustrated in Fig. 2(d).
While it is established that one hole is doped into the nine o-bonding bands of the B,C,’~ layer
(without considering self-doping from 7 bands), the strong hybridization complicates the precise

determination of the exact doping level.

However, compared with earlier work, an unique characteristic emerges in the electronic struc-



tures of our optimal coloring configurations, as a result of their unique structural characteristics.
As shown in Figs. 1(a-b) and detailed in Table S2, the B-B bridge bonds are shorter than those
within the zigzag chains. This results in larger energy splitting between the bonding and antibond-
ing orbitals across the bridge bonds, leading to lower on-site energies of the B-B o-bonding WFs
in the bridge bonds than those in the zigzag chains. Consequently, the B-B o-bonding bands from
the bridge bonds (along with B-C o-bonding bands) are fully occupied, while the B-B o-bonding
bands from the zigzag chains, in addition to the 7 bands, intersect the Fermi level, as depicted in
Figs. 2(a-b). Both compounds exhibit comparable doping levels, with approximately 1/2 hole per
o-bonding WF from the B-B zigzag chains (setting aside self-doping from 7 bands). This simi-
larity is not coincidental; the structural characteristics of these compounds ensure that all bridging
o-bonding WFs are fully occupied, thereby minimizing the electronic energy. We believe that this
phenomenon might be a general feature across other Li B, ,C, , compounds.

The electronic structures of B, ,,C, , layers can be quantitatively described using WFs within
the tight-binding (TB) approximation. Here we take Li,B;C (ours) and Li,B,C, (Gao et al.) as

two typical examples. The TB Hamiltonian can be written as:

Hrp = Y €aChoCha+ Y e®ort sCL Crg, (1)
ko k,a#8

where o/ denotes the index of WFs, ¢, denotes the on-site energy and ¢,5 denotes the hopping
parameter. Some important TB parameters, on-site energies and nearest-neighbouring hopping
parameters of o-bonding WFs, are detailed in section V of our SI. In these B,,,C, | layers, the
on-site energies of B-B o-bonding WFs are approximately 1.8 to 2.9 eV higher than those of B-C
o-bonding WFs, so B-C o-bonding bands are always totally filled. Notably, in Li,B;C (ours), the
on-site energy of W4, which corresponds to the bridge B-B bond, is 0.5 eV lower than that of
the zigzag chain WFs (W2/W3), leading to different doping levels across different kinds of B-B
o-bonding WFs. Conversely, the nearest-neighbouring hopping parameters exhibit similar magni-
tudes regardless of whether the atomic configurations are optimized, suggesting that variations in

hopping strengths do not significantly influence the electronic structures.

C. Electron-phonon coupling

We compute the electron-phonon coupling properties and the resulting superconducting tran-

sition temperature for Li,B;C and Li;B,C, using the Wannier interpolation technique [40—42].



To provide a more detailed analysis, we focus on two specific cases: Li,B;C (ours) and Li,B,C,
(Gao et al.). We select Li,B;C (ours) due to its orthogonal unit cell containing fewer atoms, which
simplifies the electron-phonon coupling calculations and facilitates external strain application in
subsequent studies.

We still begin by revisiting Li;B,C, (Gao et al.). Our findings for this compound are consistent
with those reported in Ref. [6]. As depicted in Fig. 3(d), the twofold degenerate bond-stretching
modes, labeled as E’, along the I'-A line exhibit a strong electron-phonon coupling (EPC). The
corresponding coupling constant A and critical temperature 7. are listed in Table II. Our values are
slightly lower than those in Ref. [6], where A = 1.114 and 7. ~ 55 K. This minor deviation is
attributed to the larger Gaussian smearing parameter of 0.05 Ry used in our calculations. When
we reduce the smearing to 0.02 Ry, matching the value used in Ref. [6], our results closely align,
yielding A = 1.135 and 7, = 58.34 K.

However, as shown in Fig. 3(a), the EPC and the corresponding Eliashberg spectral function
for the optimally colored Li,B;C are significantly weaker compared to those for Li;B,C, (Gao
et al.). According to the McMillan-Allen-Dynes formula [43, 44], the superconducting transition
temperature 7. is determined by both the logarithmic average phonon frequency (wiog) and the total
EPC strength () in phonon-mediated superconductors. As listed in Table II, the wio, of Li,B;C
(ours) (58.19 meV) is comparable to that of Li,B,C, (Gao et al.) (§9.54 meV), but the A value is
much lower. This results in an unexpectedly low 7. of approximately 0.03 K for Li,B;C (ours),
as shown in Fig. 3(b). Similarly, the 7, of Li;B,C, (ours) is also considerably lower than that of
Li;B,C, (Gao et al.).

Li,B;C (ours) and Li;B,C, (Gao et al.) also exhibit notable differences in their Fermi surface
structures, as shown in Figs. 3(c) and 3(f). For both compounds, the Fermi surfaces corresponding
to the o-bonding bands are relatively flat along the £, direction due to the weak interlayer coupling
of the o-bonding WFs. However, the o-bonding Fermi surfaces of Li,B;C (ours) are strongly
2D-anisotropic, compared to those of Li;B,C, (Gao et al.). This is consistent with the greater
dispersion of the o-bonding bands along the I'-X direction in Li,B;C (ours).

EPC is governed by the deformation potential D, as described by the equation [5, 9, 45-47]:

| Dyy |”
Mgyw2,’

where Dy, denotes the shift in band energy resulting from a perturbation of the phonon mode qv

near the Fermi surface, Mg, is the averaged atomic mass, and wg, is the phonon frequency. The



strong covalent nature of o bands results in a large deformation potential, giving a direct physical
picture of high critical temperature in MgB, [5] or Li;B,C, (Gao et al.) [6].

To understand the significant suppression of EPC in the optimal coloring compounds, we ex-
amine how the band structures are affected by perturbations in the bond-stretching phonon modes
with 0.1 A amplitude. Fig. 4(b/e) presents the band structures of Li,B,C (ours)/Li;B,C, (Gao et
al.) before and after introducing the perturbation, respectively. For Li,B;C (ours), we selected the
A, phonon mode (Fig. 4(a)) as a representative bond-stretching phonon mode due to its strongest
electron-phonon coupling (EPC) at the I' point. For Li,B,C, (Gao et al.), we chose the E’ mode
shown in Fig. 4(d), same as in Ref. [6].

A common observation for both Li,B;C (ours) and Li;B,C, (Gao et al.) is the significant shift at
the top of the o-bonding bands upon perturbation, as illustrated in Figs. 4(b,e) and highlighted by
the dashed purple circles in Figs. 4(c,f). This finding is consistent with previous work on Li,B,C,
(Gao et al.) [6], where the doubly degenerate o-bonding bands split by approximately 1.1 eV
along the I'-A direction under the influence of the ' bond-stretching phonon mode, suggesting a
strong EPC [6]. This behavior arises because the Fermi level in Li;B,C, (Gao et al.) lies near the
top of the o-bonding bands. The top of those o-bonding bands are strongly coupled with the £’
bond-stretching phonon mode and with a large deformation potential.

In contrast, for Li,B;C (ours), the top of the o-bonding bands is either positioned below or well
above the Fermi level, indicating that the states at the Fermi level predominantly arise from more
dispersive states, which are much less sensitive to lattice vibrations. From a chemist’s perspective
[48, 49], these dispersive states are primarily contributed by nonbonding electrons. When the
perturbation of a bond-stretching phonon mode is introduced, always some bonds are elongated
while other bonds are shortened. Consequently, the elongated, weakened bonds lead to smaller
energy splitting between the corresponding bonding and antibonding bands while the shortened,
strengthened bonds lead to larger energy splitting. For example, in our case, the top of the bridge
B-B o-bonding bands is lifted up while the top of zigzag chain B-B o-bonding bands is lowered
down, because the B-B bonds at the bridge sites are elongated while the B-B bonds in zigzag
chains are shortened in the A, phonon mode, as shown in Figs. 4(a,b). Meanwhile, the dispersive
states remain nearly unaffected. Notably, the electronic nature of such scenario is that the Fermi
level is positioned near 3/4-filling in Li,B;C (ours), as we analyzed in last section. Hence, small
deformation potential and weak EPC might be general across other Li B, ,,C, , compounds.

The above analysis indicates that achieving a large EPC requires not only the presence of o-



bonding character but also a significant deformation potential. Therefore, for the emergence of
phonon-mediated high-7,. superconductivity, the states at the Fermi level must exhibit large de-
formation potentials, which are typically associated with strong covalent bonding or antibonding
states. This would help us understand and design new high-temperature superconductors under
ambient pressure, such as boron-doped Q-carbon [50] and 2D metal-intercalated borocarbides

[51-53].

D. Effect of uniaxial strain

The above analysis suggests that EPC is dramatically suppressed by lattice deformations in the

optimal configuration of Li B ,,C, ,, compared to the Li B,,,C,; (Gao et al.) phase. However,

n-1
since the o-bonding bands already emerge at the Fermi level, there remains potential to signifi-
cantly strengthen EPC by tuning the electronic structure to harness the strong covalent bonds in
these systems, for instance, through the application of strain. In the cases of both Li,B;C (ours)
and Li,B,C, (ours), we observe that EPC can be significantly enhanced by applying moderate
compressive strain along the b-axis.

Fig. 5(a) illustrates how 7. varies with applied strain for Li,B;C (ours), calculated using the
McMillan-Allen-Dynes formula [43, 44] with an effective Coulomb potential parameter of p* =
0.10. Under -3% b-axis strain, 7, rises to 6.61 K and continues to increase with further strain,
forming a dome-like dependence and peaking at 37 K under -5% b-axis strain. Notably, here we
use the Gaussian smearing method with the width of 0.05 eV for the Fermi surface broadening in
the calculation of EPC. If we choose a smaller smearing width, such as 0.005 eV, 7. can maximally
rise to 53 K under -4% b-axis strain.

Similar to the behavior observed in MgB, and Li;B,C, (Gao et al.), the EPC in Li,B;C (ours) is
significantly enhanced for bond-stretching phonon modes along the I'-Z direction when subjected
to compressive strain along the b-axis. For example, this enhancement is evident in the changes
to both the EPC and electronic structure of Li,B;C (ours) under —4% b-axis strain, as shown in
Figs. 5(b-c). The dramatic increase in EPC is associated with significant changes in the electronic
structure. As illustrated in Figs. 5(c-d), the bridge B-B o-bonding bands cross the Fermi level,
giving rise to elliptical cylindrical Fermi surfaces near the I" point. Notably, the top of these bridge
B-B o-bonding bands now are above the Fermi level, as highlighted by the dashed purple circles

in Fig. 5(c). Compared with the dispersive part, these states are more sensitive to bond-stretching



vibrations. As a result, this change in electronic structure generates a large deformation potential,
leading to a substantial boost in EPC.

The application of compressive strain primarily alters the bond angles and slightly reduces
the bond lengths along the b-axis in Li,B;C (ours). Concurrently, the lattice constants a and c
experience minor elongation. These structural modifications lead to an increase in the hopping
parameters from the bridge sites to the zigzag chain sites, while the hopping parameters within the
zigzag chains decrease, as detailed in Table S3. For instance, the hopping parameter between W4
and W2 changes from -1.36 eV to -1.46 eV. This adjustment enhances the hybridization between
the bridge B-B o-bonding bands and the zigzag chain B-B o-bonding bands. Additionally, the
compressive strain along the b-axis raises the on-site energies of the o-bonding WFs at the bridge
sites for both B-B and B-C bonds, as detailed in Table S2.

Analyzing Eq. (2), it is important to emphasize the critical role of DOS at the Fermi level in
determining EPC [12, 54, 55]. For instance, despite a strong deformation potential, a low DOS
can yield weak EPC, as seen in boron-doped diamond [9]. This phenomenon explains why the
superconducting transition temperature (7;.) remains low under -3% compressive b-axis strain.
Slightly below the -3% compressive b-axis strain, the bridge B-B o-bonding bands just intersect
the Fermi level, triggering a Lifshitz transition. However, such small Fermi surfaces contribute
negligibly to DOS at the Fermi level, leading to weak EPC in Li,B;C (ours), as shown in Fig.
S7(c). As the strain is further increased, more hole are doped in the bridge B-B o-bonding WFs
(Figs. S7(d-f)), enlarging the Fermi surfaces (mainly comprised of bridge B-B o-bonding WFs)
and boosting DOS, even though the deformation potential decreases. The interplay between these

two opposing factors results in the characteristic dome-shaped strain-7; relationship.

III. CONCLUSION

In this paper, we identify the optimal configurations of Li,B,C and Li,B,C, using the cluster
expansion method, demonstrating that these configurations are thermodynamically more stable
than previously reported structures. In these optimized configurations, both B-B and B-C zigzag

chains emerge within each B,,,C, , plane, resulting in unique electronic structures that differ

n+l
qualitatively from those reported in earlier studies [6, 19-21]. Notably, in Li B ,C , (ours)
(n = 2, 3), only the o-bonding bands associated with the B-B zigzag chains cross the Fermi level,

exhibiting weak hybridization with the o-bonding bands in the B-C zigzag chains. Additionally,



the o-bonding bands in the B-B zigzag chains are approximately 3/4-filled and display significant
dispersion along their corresponding directions in reciprocal space. In contrast, other o-bonding
bands remain fully occupied, including the bridge B-B and all B-C o-bonding bands.

Our calculations of EPC and deformation potential for Li,B,C, (Gao et al.) and Li,B;C (ours)
reveal that both the EPC and deformation potential are significantly weaker in Li,B;C (ours) than
in Li,B,C, (Gao et al.). As a result, the superconducting transition temperature of Li,B;C (ours)
is less than 0.03 K, dramatically lower than the predicted 7, of 50 K for Li;B,C, (Gao et al.).
Nonetheless, since the o-bonding bands in Li,B;C (ours) are already present above the Fermi
level, there remains significant potential to transform Li,B;C (ours) into a phonon-mediated high-
T. superconductor by applying a uniaxial strain. Our strain-dependent calculations show that
applying a -5% compressive strain along the b-axis in Li,B;C (ours) can markedly alter the elec-
tronic band structure around the Fermi level and significantly enhance the deformation potential
on the Fermi surface, thereby raising 7. to approximately 37 K. Notably, the deformation potential
can be measured by modern experimental techniques nowadays [56—59].

Our work demonstrates that not only the chemical stoichiometry but also the optimal coloring
can significantly influence the superconducting pairing interactions. Therefore, it is meaningful
to investigate the true coloring of those doped superconductors [50, 60, 61]. Moreover, our find-
ings highlight the critical role of the deformation potential on electrons at the Fermi level, which

effectively measures the EPC and is closely linked to the nature of chemical bonding.

IV. METHODS

In order to build cluster expansion of the energy, we firstly employ VASP [62, 63] to perform
DFT calculations for different configurations in certain AlB,-type supercells with PBEsol func-
tional [64]. The cluster expansions are constructed using the alloy theoretic automated toolkit
(ATAT) [65]. To fit ECI with DFT results, we consider different randomly generated configura-
tions in the 2 x 2 x 2 and the 2 x 3 x 2 AlB,-type supercells with different proportion of boron
to carbon. For each configuration, both the lattice constants and internal coordinates are fully re-
laxed while the energy convergence criterion is 107% eV and the force convergence criterion is 0.01
eV/A. The projector augmented wave [66] (PAW) approach is employed and the cut-off energy of
the plane wave basis is 600 eV. The Brillouin zones in supercells are sampled by k-grids as dense

as a I'-centered 6 x 6 x 6 k-grid in an AIB,-type unit cell. LOOCVs of both Li,B;C and Li,B,C,



are smaller than 0.01 eV.

We employ Wannier90 [67, 68] interfacing with Quantum ESPRESSO [69] to calculate max-
imally localized WFs for analyzing electronic structures. We also calculate the lattice constants
and total energy with Quantum ESPRESSO. We adopt PBE exchange-correlation functional [70]
and the SG15 norm-conserving pseudopotentials [71-73]. The crystal structures are fully relaxed
while the energy convergence criterion is 10712 Ry and the force convergence criterion is 1075
Ry/Bohr. The kinetic energy cutoff is set to 80 Ry. The Marzari-Vanderbilt-DeVita-Payne smear-
ing method [74] is employed with the spreading of 0.015 Ry. The k-grid is 16 x 8 x 6/16 x 16 X
6/12 x 12 x 12/9 x 9 x 12 for Li,B;C (ours)/Li,B;C (Gao et al.)/Li,B,C, (ours)/Li;B,C, (Gao et
al.), respectively. The energy windows and frozen windows for the disentanglement procedure in
Wannierization are listed in Table S1. The Wannier centers are set on B/C atoms for p.-like WFs
and on B-B/B-C bond center for s-like B-B/B-C bonding WFs.

We employ EPW package [41, 42] to calculate the electron-phonon coupling properties of
Li,B5C (ours) and Li;B,C, (Gao et al.). We take the 16 x 8 x 6/9 x 9 x 12 k-mesh and 8 x 4 x
3/3 x 3 x 4 q-mesh as coarse grids and then interpolate them to the dense 64 x 32 x 24/36 x 36 x 48
k-mesh and 16 x 8 X 6/9 x 9 x 12 q-mesh in Li,B;C (ours)/Li;B,C, (Gao et al.), respectively. The
Gaussian smearing method with the width of 0.05 eV is used for the Fermi surface broadening.

The superconducting transition temperature 7. is calculated with the McMillan-Allen-Dynes

fomula [43, 44]:
O e S DY
c T 12PN C0.6207) — i

L. 3)

Here ) is the total EPC strength, p* is a parameter as the effect screened Coulomb pseudopotential

and wjg is the logarithmic average of the Eliashberg spectral function. A and wy,, are defined as:

A= ZAqy_z/ o’ Flw >d, 4)
wlog—exp /dw 2F (,d)], (5)

Z (W — Wep ) Waw Aqu- (0)

Here wg, and \q, are the frequency and EPC strength of the v-th phonon mode at the wave vector

q. The Ay, is defined as:

P)/ql/
Mgy = —Jar 7
© T TN (), ™



Here 74, is the phonon linewidth:
dk N2
Yav = 27qu1/ Z Q_Bz‘gql/(k> z, j)‘ 6(6k,i - EF)(5(€k+q,j - 6F)' (8)
1,J

Here i/ is the band index. The electron-phonon interaction matrix element gq, (k, 7, j), describing

the probability amplitude for scattering of an electron with a transfer of crystal momentum q, is

determined by:

o h y

I (K, i, j) = % < Y| AV [V, >
qv
qu 8VKS qu ei aR
AV = Z T U ©)
qv
Here u®’ = Ys and 2Y£s can be calculated by density functional perturbation theo (DFPT)
s NaoA GRS y y P ry
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FIG. 1. Crystal structures of Li B, ,,C, ;: (a-b) Li,B;C and Li;B,C, with optimal configurations from
this work (ours), (c-d) Li,B;C and Li;B,C, proposed by Gao, Lu, and Xiang (Gao et al.) [6]. In (a-b),
B-C bridge bonds, B-B zigzag chains, B-B bridge bonds and B-C zigzag chains are marked by light blue,
green, red and dark blue frames, respectively. Green triangles in (d) indicate three nearest-neighbouring
B-B bonds. The lengths of bonds are labeled in figure and the unit is angstrom. Atom color key: light blue
(Li), red (B), yellow (C).
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FIG. 2. Band structures for (a) Li,B;C (ours), (b) Li;B,C, (ours), (c) Li,B;C (Gao et al.), and (d) Li;B,C,
(Gao et al.). The dot sizes are proportional to the spectral weights obtained from Wannierization. The

high-symmetry k-points are detailed in Fig. S2 of our SI.
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FIG. 3. Electron-phonon coupling constant \q, and Fermi surface contours for (a-c) Li,B;C (ours) and (d-
f) Li;B,C, (Gao et al.). Panels (a) and (d) show the phonon band dispersions along with the corresponding
EPC strengths Aq,, where the size of the red dots indicates the magnitude of Aq,. The sizes of dots are
doubled in (a) for aesthetic visualization. The right subpanels display the phonon density of states (blue
curves) and the Eliashberg spectral functions (red curves). Panels (b) and (e) illustrate the variation of
the superconducting transition temperature 7. as a function of the Coulomb pseudopotential parameter y*.

Panels (c) and (f) depict the Fermi surfaces for each compound.
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FIG. 4. Effects of atomic displacements associated with specific bond-stretching phonon vibration modes
on the electronic band structures for Li,B;C (ours) and Li;B,C, (Gao et al.). (a) Illustration of the A,
phonon mode at the I' point for Li,B;C (ours), occurring at approximately 140 meV. Blue arrows indicate
the directions of atomic displacements, while their lengths represent the relative amplitudes of the phonon
mode. (b) Electronic band structure of Li,B;C (ours) with a perturbation from an amplitude of 0.1 A
corresponding to the A, phonon mode (red curve) compared to the band structure of the fully relaxed
crystal structure (blue curve). (c) Projected band structure and density of states (DOS) of Li,B;C (ours),
highlighting the top of the o-bonding bands near the I' point, which are sensitive to phonon vibrations,
marked by dashed purple circles. (d) Illustration of the E’ phonon mode at the I" point for Li;B,C, (Gao et
al.), occurring near 80 meV. Blue arrows indicate the directions of atomic displacements, while their lengths
represent the relative amplitudes of the phonon mode. (e) Electronic band structure of Li;B,C, (Gao er al.)
with a perturbation from an amplitude of 0.1 A corresponding to the £’ phonon mode (red curve) compared
to the band structure of the fully relaxed crystal structure (blue curve). (f) Projected band structure and DOS
of Li;B,C, (Gao et al.), highlighting the top of the o-bonding bands near the I' point, which are sensitive

to phonon vibrations, marked by dashed purple circles.
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FIG. 5. Impact of compressive b-axis strain on the superconducting transition temperature and electronic
structure of Li,B;C (ours). (a) 7. as a function of compressive b-axis strain with * = 0.10. (b) Phonon
dispersion under —4% compressive b-axis strain, where the red dot size is proportional to the electron-
phonon coupling strength, Aq,. The right panel displays the phonon density of states (blue line) and the
Eliashberg spectral function (red line). (c) Projected band structure under —4% compressive b-axis strain,
with dot sizes representing the spectral weights. The top of the o-bonding bands near the I' point, sensitive
to phonon vibrations, are indicated by dashed purple circles. (d) Fermi surfaces under —4% compressive

b-axis strain.



TABLE I. The energies, space groups and lattice parameters for Li,B;C (ours/Gao et al.) and Li;B,C,
(ours/Gao et al.) after structural relaxation. The ground state energy for each formula is set as 0. Note that

the lattice parameters here are for conventional cells while we use the primitive cell of Li;B,C, (ours) in

our calculations.

System Energy per formula (eV) Space group a (A) b(A) c(A)
Li,B;C (ours) 0 Pmma 2.71 5.11 7.21
Li,B;C (Gao et al.) 0.327 P6m2 2.84 2.84 7.13
Li;B,C, (ours) 0 Cmem 14.93 2.73 7.17
Li;B,C, (Gao et al.) 0.354 P6m2 4.88 4.88 3.52

TABLE II. The calculated superconducting parameters for Li,B;C (ours) and Li;B,C, (Gao et al.). The p*
here is 0.10.

Compound Wiog (MeV) A T. (K)

Li,B5C (ours) 58.19 0.26 0.03
Li;B,C, (Gao et al.) 59.54 0.96 49.22
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Boron-rich lithium borocarbides LinBn+1Cn-1 are MgB2-like candidates for phonon-
mediated superconductivity, but the colouring of B/C atoms is unclear. Using first
principles calculations, the authors find that Li2B3C with optimal colouring and T¢ <0.03
K, but -5% uniaxial compression boosts electron phonon coupling and raises Tc to
~37 K.



