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Complex frequency detection in a
subsystem
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Juntao Huang 1,2, Jiangping Hu 3,4,5 & Zhesen Yang 1,6

Non-Hermitian physics, such as the non-Hermitian skin effect (NHSE), is well-established in classical
platforms, but its emergence in intrinsically Hermitian or quantum systems remains a key challenge.
Bridging this gap is crucial for connecting non-Hermitian concepts with foundational quantummany-
body theory. Here, we systematically investigate this by studying a quantum subsystem with an
effective non-Hermitian Hamiltonian arising from its exact frequency-dependent self-energy. We
further employ complex-frequency detection, including excitation, synthesis, and fingerprint, to probe
physical responses induced by complex driving frequencies. Our calculations reveal that both
complex frequency excitation and synthesis are incompatible with the non-Hermitian approximation
and cannot characterize the presence of the NHSE. In contrast, the complex-frequency fingerprint
successfully detects the distinctive responses induced by the NHSE through the introduction of a
double-frequency Green’s function. Our work provides a platform for studying non-Hermitian physics
and its unconventional response in quantum systems rigorously without relying on any
approximations.

Non-Hermitian physics, particularly the non-Hermitian skin effect
(NHSE), the phenomenon where an extensive number of non-orthogonal
eigenstates become localized at the boundary1–7, has recently attracted sig-
nificant theoretical research interest5–13. Many experimental developments
have been made in classical wave platforms, including acoustic14–17,
optical18–22, mechanical23–26, and electrical circuit systems27–31. These
experiments have vividly demonstrated the existence of non-Hermitian skin
modes in intrinsically dissipative systems. In many implementations, such
as engineering asymmetric couplings in acoustic ring resonators15 and
coupledopticalfiber loops18, introducinggain and loss inphotonic quantum
walks19, the corresponding non-reciprocal or non-unitary dynamics asso-
ciated with the NHSE have been further explored and corroborated.

However, these advances have predominantly involved phenomen-
ological non-Hermitian terms, such as engineered gain and loss, imple-
mented in classicalwave platforms. In quantumsystems, a key route to non-
Hermitian descriptions originates from the self-energy within the Green’s
function formalism13,32–36. In real-space representation, the retardedGreen’s
function reads

GRðωÞ ¼ 1
ω� H0 � ΣðωÞ ; ð1Þ

where H0 is the single-particle non-interacting Hamiltonian and Σ(ω)
denotes the self-energy arising from, for example, electron-electron,
electron-phonon, impurity, or substrate scattering. Since Σ(ω) is generally
frequency-dependent, it is common practice to approximate it by a
frequency-independent matrix, Σ(ω) ≃ Σ0 = Σ(ω = 0), i.e., an approach
termed the non-Hermitian approximation (NHA):

GRðωÞ ’ GR
nHðωÞ ¼

1
ω� H0 � Σ0

: ð2Þ

This treatment often provides a good approximation to the spectral func-
tion and is widely employed in theoretical calculations. Under the
NHA32,33,37–44, the effective Hamiltonian

HnH ¼ H0 þ Σ0 ð3Þ

becomesnon-Hermitian and can exhibit point-gap topology alongwith the
corresponding non-Hermitian skin effect.

Recently, complex frequency detection techniques, including complex
frequency excitation (CFE)45–54, synthesis (CFS)45,46,55, and fingerprint
(CFF)56, have garnered significant attention. As the names suggest, these
methods enable the experimental detection of the corresponding Green’s
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function in the complex frequency domain (see Supplementary Note 2).
This naturally raises a fundamental question:Given that the non-Hermitian
approximation works well on the real-frequency axis, how does its validity
extend over the entire complex plane? Moreover, if we apply complex fre-
quency detection to such systems, what physical outcomes would emerge?

To address this question, we propose a subsystemmodel as illustrated
in Fig. 1(a). When both excitations and responses are confined within a
subsystem S, a frequency-dependent self-energy emerges, i.e., ΣS(ω).
Compared to dealing with the interacting system, the self-energy in this
subsystem approach is often more tractable, both analytically and
numerically, making it a practical andwell-motivated route to exploring the
corresponding complex frequency detection.

Our conclusion can be summarized as follows: As illustrated in
Fig. 1(b), in our subsystem model HS, under the NHA,
HS,nH = HS + ΣS(ω = 0) exhibits non-zero spectral winding under the
periodic boundary condition (PBC), and the corresponding non-Hermitian
skin effect under open boundary condition (OBC)10,12. Nowwe consider the
complex frequency Green’s function (CFGF) of HS,nH under OBC. As
illustrated in Fig. 1(c), frequencies from ω3 to ω5 (which possess non-zero
spectral winding) exhibit rightward-dominant divergence in the CFGF
upon excitation at x0 = 40. Such a divergent behavior is a hallmark of the
non-Bloch response56–58 and can be used to characterize the presence of
point gap topology as well as theNHSE10,12,59,60 (See SupplementaryNote 1).

However, if we consider the exact frequency-dependent self-energy
without any approximation, the corresponding complex frequency Green’s
function demonstrates that the unidirectional divergence becomes absent,
as illustrated in Fig. 1(c) (right panel). This result raises three fundamental
issues: (i) How to interpret this result? (ii) Does our subsystem truly exhibit
the non-Hermitian skin effect and non-Bloch responses? (iii) What kind of
result does the complex frequency detection method measure? Notably, as
illustrated in Fig. 1(c), when ω lies near the real axis (e.g.,ω1), the exact and
NHA Green’s functions behave similarly. However, when ω lies near the
PBC spectral regions, the differences between them become dominant.

As summarized in Table 1, the long-time asymptotic behaviors of CFE
and CFS yield the exact results with no non-Bloch response, whereas the
CFF in the steady-state limit detects the approximated ones with the pre-
sence of non-Bloch response.Ourworknot only establishes a foundation for
understanding the non-Hermitian skin effect and non-Bloch dynamics in
quantum systems but also provides critical guidance for experimental
verification.

Results and Discussion
Model and subsystem Green’s function
Our Hamiltonian adopts the following Hermitian form:

bHtot ¼ bHS þ bHS0 þ bHSS0 ; ð4Þ

where the hopping parameters are illustrated in Fig. 2(a). The subsystem S
corresponds to a one-dimensional spinless Rice-Mele model with broken
time-reversal symmetry13, positioned in the y = 1 region, with sublatticesA
andB represented by red and blue points, respectively. Applying the Fourier
transformation, we obtain the Bloch Hamiltonian:

HSðkÞ ¼ ðt1 þ t2 cos kÞσx þ t2 sin kσy þ ðλ sin k� μSÞσz; ð5Þ

where the Pauli matrix acts on the sublattice degree of freedom.We denote
the number of unit cells in S by NS.

Fig. 1 | Non-Bloch response in subsystem model.
a Schematic of subsystem S under excitation and
detection, coupled to another subsystem S0 .
b Spectra of HS,nH under periodic boundary condi-
tion (PBC) and open boundary condition (OBC),
denoted by blue and red circles, respectively. The
nontrivial spectral topology is obtained via Eq. (12).
Here, ω1 = − 0.6 − 0.09i, ω2 = − 0.6 − 0.128i,
ω3=−0.6−0.14i,ω4=−0.6−0.16i,ω5=−0.6−0.18i
andω6 =− 0.6− 0.21i. cComparative analysis of the
complex frequency Green’s function (red curve)
obtained with and without the non-Hermitian
approximation (NHA). The complex frequency
Green’s function (CFGF) is calculated via Eq. (11)
and Eq. (8), respectively, under OBC. The pink and
blue shading represents regions where x ≤ x0 and
x > x0 for jGR

S ðωÞjxx0 (x0 = 40), respectively. Detailed
model is illustrated in Fig. 2(a) and defined via Eq.
(4)–Eq. (6). Parameters are t1 ¼ 1:2; t2 ¼ �1; λ ¼
�1; μS ¼ 0:2; tx ¼ 1; ty ¼ 3:5; μS0 ¼ 0:3; tA ¼ 0:6;
γ ¼ 0:1, NS = 80 and Ny = 300.

Table 1 | Results of CFE, CFS, and CFF for t→ ∞

Effective Region CFGF NHA Non-Bloch Response

CFE Imωc>� γ Eq. (8) × ×

CFS the same as CFE

CFF ωr 2 R Eq. (26) ✓ ✓
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The subsystem S0 comprises a two-dimensional single-band model
inhabiting the y ≥ 2 region, featuring anisotropic hoppingswith tx≠ ty. Its x-
direction Bloch Hamiltonian adopts the layer-resolved form:

HS0 ðkÞ ¼

hS0 ðkÞ tyσ0 0 0 0 . . .

tyσ0 hS0 ðkÞ tyσ0 0 0 . . .

0 tyσ0 hS0 ðkÞ tyσ0 0 . . .

. . . . . . . . . . . . . . . . . .

0BBB@
1CCCA; ð6Þ

where hS0 ðkÞ ¼ ðtx þ tx cos kÞσx þ tx sin kσy � μS0σ0 describes the
Hamiltonian at each y-layer using a two-site unit cell. The interlayer
hopping in the subsystem S0 is parameterized by tyσ0, and the total number
of y-layers in the subsystem S0 is denoted as Ny. Notably, although bHS0 is
intrinsically a single-band systemalong thexdirection,we adopt a two-band
representation for conceptual and notational convenience. This choice
circumvents the band-folding issue that would otherwise arise in ΣS(k, ω),
thereby preserving momentum consistency between HS(k) and the self-
energy. Importantly, the physical results, particularly the subsystemGreen’s
function of S, remain unaffected by this representational choice, as they are
determined solely byprojecting the fullGreen’s functiononto the S subspace
within the fixed total Hilbert space.

For conceptual clarity, we restrict inter-subsystem coupling to the A-
sublattice (denoted as tA; qualitative results hold for any tB ≠ tA, see Sup-
plementary Note 8 and Fig. S3). In this case, as derived in Supplementary
Note 3, the exact self-energy for the subsystem S becomes:

ΣSðk;ωÞ ¼
ΣAA
S ðk;ωÞ 0

0 0

� �
; ð7Þ

where ΣAA
S ðk;ωÞ ¼ t2A½1=ðω� HS0 ðkÞÞ�11. Here, the subscript 11 denotes

the (1, 1) matrix element of the Green’s function forHS0 ðkÞ within its two-
band representation, corresponding to the A-sublattice. Fig. 2(b, c) presents
the corresponding density plots of the real and imaginary components of
ΣAA
S ðk;ωÞ, respectively. Based on this exact self-energy, the exact Green’s

function for subsystem S under PBC can be written as:

GR
S;eff ðk;ωÞ ¼

1
ω� HS;eff ðk;ωÞ

; ð8Þ

where the frequency-dependent non-Hermitian Hamiltonian is explicitly
expressed as

HS;eff ðk;ωÞ ¼ HSðkÞ þ ΣSðk;ωþ iγÞ � iγ: ð9Þ

Here, ω spans the entire complex energy plane, while the parameter iγ
serves as a trivial, constant dissipation, equivalent to the iη in

conventional retarded Green’s function formalism of a Hermitian sys-
tem. In practical numerical calculations, γ is chosen as a small value,
which does not affect the qualitative results (See Supplementary Note 9
and Fig. S4–S6). Thus, the coupling to S0, or the self-energy, is necessary
to induce nontrivial non-Hermitian physics, such as NHSE and non-
Bloch phenomenon. It is precisely the detection of non-Bloch responses
in a physically Hermitian system that demonstrates the significance of
complex frequency detection, as discussed later. For notational
simplicity, we retain the explicit iγ in the self-energy but treat it as
implicit in the frequency argument of HS,eff(k, ω).

Non-Hermitian approximation
Wenowcheck the validity of the non-Hermitian approximation (NHA).As
shown in Fig. 2(b) and (c), the two energy bands ofHS(k), defined as E±(k),
are plotted against the real and imaginary components of the self-energy,
respectively. Notably, within the band dispersion region, the self-energy can
be well approximated by a constant due to its negligible variation across the
band (two orders ofmagnitude smaller than the bandwidth). Consequently,
the expansion point k = 0, ω = 0 (the band center of S) is chosen merely for
convenience:

ΣAA
S ðk;ωþ iγÞ � ΣAA

S ð0; iγÞ þOðkÞ þOðωÞ: ð10Þ

As further demonstrated in the Methods section, this negligible var-
iation of the self-energy makes the choice of the approximation point
arbitrary. This NHA yields the following approximated Green’s function

GR
S;nHðk;ωÞ ¼

1
ω� HS;nHðkÞ

; ð11Þ

where the frequency-independent non-HermitianHamiltonian is given by:

HS;nHðkÞ ¼ HSðkÞ þ
ΣAA
S ð0; iγÞ 0

0 0

� �
� iγ: ð12Þ

To further verify the non-Hermitian approximation, we present a
comparative analysis of exact versus approximated spectral functions, i.e.,
AS;eff=nHðk;ωÞ ¼ �ð1=πÞImTrGR

S;eff=nHðk;ω 2 RÞ. As illustrated in
Fig. 3(a) and (b), the precise agreement between these spectral functions
confirms the validity of theNHA.This conclusion is further corroboratedby
the density of states (DOS) at real frequencies shown in Fig. 3(c), which
follows the conventional definition, i.e., ρS;eff=nHðωÞ ¼ ð1=NSÞ

P
k

AS;eff=nHðk;ωÞ. It should be noted, however, that this excellent agreement is
confined to the real-frequency axis and deteriorates as the imaginary part of
the frequency approaches the dissipation scale γ (see the validity domain
analysis below).

(a) (b) (c)

Fig. 2 | Model schematic and flat self-energy of the subsystem. a Schematic
representation of the tight-bindingmodel for the composite system, with subsystem
S explicitly demarcated by the red rectangular enclosure. Here, red and blue dots
correspond to atoms in sublatticesA and B in S, respectively; the black dot represents
the atom in S0 ; black lines indicate chemical bonds; and a double-headed arrow
marks the next-nearest hopping. b and c A comparison between the slowly varying

self-energy and the bare bands E±(k) (marked by black lines) of the subsystem S.
Here, the self-energy exhibits negligible variation (two orders of magnitude smaller
than the bandwidth of S) across the band, which ensures the validity of the non-
Hermitian approximation. The color bar in (b) and (c) ranges from−0.094 to 0.094
and 0.001 to 0.1, respectively. The parameters include t1 ¼ 1:2; t2 ¼ �1; λ ¼ �1;
μS ¼ 0:2; tx ¼ 1; ty ¼ 3:5; μS0 ¼ 0:3; tA ¼ 0:6; γ ¼ 0:1, NS = 80 and Ny = 300.
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Importantly, as illustrated later in the “Methods” section and in Sup-
plementary Note 4, the validity of NHA requires that the coupled envir-
onment S0 possesses a sufficiently large number of degrees of freedom and a
broad enough bandwidth compared to S. This explains our choice of a 2D
anisotropic environment with ty > tx (tx sets the bandwidth scale for S) and a
sufficiently large Ny.

However, significant discrepancies emerge when considering the
complex frequency domain. Figure 1(c) demonstrates a representative
example of these differences. For comprehensive analysis, we introduce the
complex-frequency density of states56 across the entire complex plane, i.e.,

DS;eff=nHðωÞ ¼ � 1
NSπ

X
k

ImTrGR
S;eff=nHðk;ω 2 CÞ; ð13Þ

which serves not only as a tool for analytic continuation, revealing the pole
structures of the complex frequency Green’s function56, but also as an
indirect observable that faithfully captures the system’s underlying quasi-
particle picture in the complex plane. As shown in Figs. 3(d, e), the
approximated CFGF displays two closed-loop poles, contrasting with the
exact case that features a branch cut positioned at Imω ¼ �γ (See
Supplementary Note 5 for demonstration). Due to the vanishing of the
spectral winding in the exact poles under PBC, it is expected that there is no
non-Bloch response in the complex frequency Green’s function, which
explains the paradox observed in Fig. 1(c). However, despite their distinct
distributions, a profound connection exists: both the NHA loop-poles and
the exact branch cut poles canbe linked throughan electrostaticmapping, as
they generate an identical “electric field” along the real frequency axis. See
Supplementary Note 7 for details.

As an aside, the poles of the Matsubara Green’s function are related to
those of the complex frequency Green’s function by a Wick rotation and a
constant γ-shift, detailed in Supplementary Note 6.

In summary, although the non-Hermitian approximation demon-
strates excellent performance in simulating real-frequencyGreen’s function,
it fundamentallymodifies the global pole structures. The very success of the
NHA in simulating real-frequency observables masks the fundamental
disparity in the complex plane, thereby highlighting the critical need for our
advanced approach to uncover genuine non-Bloch physics. Therefore, it is
necessary to examine the nontrivial roles of the non-Hermitian approx-
imation in variant complex-frequency detection methodologies.

Driven-dissipative equation
We now focus on the complex frequency detection of the subsystem. The
theoretical framework originates from the following driving dissipative

equation56:

i
dhbaðtÞi
dt

¼ ðHtot � iγÞhbaðtÞi þ FðtÞ; ð14Þ

whereHtot represents the first quantized Hamiltonian of bHtot in real space.
The parameter γ characterizes the uniform dissipation within the Green’s
function. As detailed in Supplementary Note 2, hbaðtÞi ¼ Tr babρðtÞ� � ¼
fhbaSðtÞi; hbaS0 ðtÞigT describes the mean values of single-particle bosonic
operators at each lattice site of the total system within the open quantum
system framework. Here, ba ¼ ðba1;ba2; . . . ;baN ÞT denotes the bosonic
annihilation operator over the total system, N is the matrix dimension of
Htot, andbρðtÞ is the densitymatrix operator. F(t) denotes the external drive.
Experimentally, when F(t) is applied to the subsystem S, the corresponding
response hbaSðtÞi is detected. For example, consider an external driving
defined as

FðtÞ ¼ θðtÞe�iωrtf0; . . . ; 0; FS;i; 0; . . . ; 0gT ; ωr 2 R; ð15Þ

which acts exclusively on the ith-site of the subsystem S. Following
Supplementary Note 2, the induced response at the j-th site, i.e., hbaS;jðtÞi,
which is the direct experimental observable, demonstrates proportionality
to the real-frequency Green’s function in the long-time limit. This
relationship can be expressed as:

limt!1hbaS;jðtÞi ¼ GR
S;eff ðωrÞ

h i
ji
FS;ie

�iωrt ; ð16Þ

where GR
S;eff ðωrÞ denotes the exact Green’s function of the subsystem

defined in Eq. (8) (real space representation), and ωr corresponds to the
driving frequency. Given the predetermined values of FS,i and ωr, the real-
frequency Green’s function becomes experimentally accessible through
hbaS;jðtÞi detection. This methodology maintains alignment with classical
wave system protocols for real-frequency Green’s function
measurement61–65.

Complex frequency excitation
Whenextending the driving frequency fromreal (ωr) to complex values (ωc)
in Eq. (15), the concept of complex frequency excitation (CFE) emerges. As
demonstrated in SupplementaryNote 2, The experimental procedure of the
CFE is largely identical to that of the CFF, except that the harmonic driving
field is replaced by one with temporal attenuation. Specifically, the solution

(a) (b) (c) (d) (e)

Fig. 3 | Verification of the non-Hermitian approximation at real and complex
frequencies. The spectral functions under non-Hermitian approximation (NHA),
AS,nH(k, ω), and from the exact case, AS,eff(k, ω), respectively. The color bar ranges
are [0.002, 2.98] for (a) and [0.003, 2.99] for (b). c A comparison between the real
frequency density of states (DOS) with and without the NHA, i.e., ρS,nH(ω) (blue
circles) and ρS,eff(ω) (green curve), respectively. d, e The complex frequency DOS
with and without NHA, defined as DS;nHðω 2 CÞ and DS;eff ðω 2 CÞ respectively,
where the black circles indicate the poles of the complex frequency Green’s function.
The poles in (d) form the spectra with a nonzero winding number. The non-

Hermitian approximation remains accurate near the real axis but breaks down in the
complex plane as jImωj increases. For (d) and (e), we choose ω = − 1 − ωii, with
ωi ∈ [0.08, 0.16] to compute the winding number shown in Fig. 8 in the “Methods”
section. Frequencies from Fig. 1c's non-Bloch region, i.e., ω3, ω4, ω5 =− 0.6− 0.14i,
− 0.6 − 0.16i, − 0.6 − 0.18i are marked in (d) as red, green, and pink dots,
respectively. The color bar ranges are [−10, 10] for (d) and [−2.8, 2.8] for (e). Other
parameters are t1 ¼ 1:2; t2 ¼ �1; λ ¼ �1; μS ¼ 0:2; tx ¼ 1; ty ¼ 3:5; μS0 ¼ 0:3;
tA ¼ 0:6; γ ¼ 0:1, NS = 80 and Ny = 300.
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to Eq. (14) under complex frequency driving

FðtÞ ¼ θðtÞe�iωctf0; ::; 0; FS;i; 0; . . . ; 0gT ; ωc 2 C; ð17Þ

takes the form

hbaS;jðtÞi ¼ χSðωcÞ
� �

jiFS;ie
�iωct ; ð18Þ

where the response function χS(ωc), serving as the key CFE observable, is
expressed as

χSðωcÞ ¼ GR
S;eff ðωcÞ � GR

totðωcÞe�iðHtot�iγ�ωcÞt� �
S: ð19Þ

denotes the complex frequency Green’s function for the total system. We
note that this solution assumes the initial condition hbað0Þi ¼ 0, whose value
will not affect the subsequent conclusions, as proved in Supplemen-
tary Note 2.

A critical observation arises from the above formulation: when the
complex frequency ωc resides above the branch cut determined by iγ (light
pink region in Fig. 4(a)), the corresponding response functionwill converge
to the exact CFGF of the subsystem in the t→∞ limit, i.e.,

lim
t!1

χSðωcÞ ¼ GR
S;eff ðωcÞ; Imωc > � γ: ð20Þ

Conversely, frequencies below the iγ line will yield divergent responses due
to the second term’s divergence. A compact demonstration can bemade by
expanding the response function as

χSðωcÞ ¼ P
XN
n¼1

ψn

�� �
ψn

� ��
ωc þ iγ� ϵn

ðI� e�iðϵn�iγ�ωcÞtÞPy; ð21Þ

where P ¼ ðI2NS × 2NS
; 02NS × ðN�2NSÞÞ denotes the projection matrix, and

ψn

�� �
and ϵn denote the eigenstates and eigenvalues of the Hermitianmatrix

Htot under OBC. Notably, by Taylor expansion of the exponential function,
one can see that Eq. (21) has no poles; thus, Imωc ¼ �γ becomes the
convergence boundary. As numerically verified in Fig. 4(b), only theω7 case
converges to the exact CFGF (blue dashed lines).

For comparative analysis, we show the NHA-predicted complex fre-
quency Green’s function as red dashed lines, which exhibit clear deviations

from our calculated response functions. This discrepancy stems from the
modification of CFGF pole structures under the non-Hermitian approx-
imation (Fig. 3(d, e)), rendering it invalid for frequencies distant from the
real axis. The failure originates near the system’s exact poles, where the
approximation error becomes singular, rendering the perturbative expan-
sion invalid. Fig. 4(b) explicitly demonstrates this limitation: for ω7, con-
verged results deviate from NHA predictions; ω8 exhibits response
divergence despite NHA suggesting convergence.

Key conclusions are summarized in Table 1: (i) The CFE exclusively
detects the exact complex frequencyGreen’s function, i.e., Eq. (8), above the
total Hamiltonian’s imaginary gap (light pink region); (ii) NHA fails in
regions far from the real axis, an incompatibility that holds in the case of a
frequency-dependent self-energy; (iii) Absence of non-Bloch response in
long-time dynamics due to the vanishing of the spectral winding number.

Complex frequency synthesis
We now examine the complex frequency synthesis (CFS), a method based
on the following observation: within the framework of CFE, the nonzero
component of F(t) in Eq. (17) can be transformed through Fourier analysis
as

θðtÞe�iωct ¼ 1
2π

Z 1

�1

i
ω� ωc

e�iωtdω; ð22Þ

where Imωc < 0 and t > 0. Experimentally measured real frequency
responses enable comprehensive reconstruction of the CFE solution
through signal synthesis (see Supplementary Note 2):

hbaS;ωc
ðtÞi ¼ i

2π

Xωb

ω¼ωa

Δω

ω� ωc
hbaS;ωðtÞi; ð23Þ

where [ωa, ωb] defines the synthesis domain and Δω specifies the spectral
resolution defined as the sampling interval between adjacent discrete fre-
quencies. Following themeasurement steps detailed in supplementaryNote
2, the key observables of the CFS are the series of hbaS;ωðtÞi within the
synthesis domain. The quantity hbaS;ωc

ðtÞi is the numerically synthesized
result.

As summarized in Table 1, CFS demonstrates theoretical equivalence
with CFE. Specifically, as detailed in Supplementary Note 2, the established

(a) (b) (c)Poles of CFGF (d)

CFE

CFGF
CFGF-NHA

CFEexact

Error residuals

NHA

Fig. 4 | Comparison of complex frequency excitation and synthesis. aThe poles of
the subsystem complex frequency Green’s function with and without non-
Hermitian approximation under (NHA) open boundary conditions (OBC). In the
complex plane, the light pink shading represents the region within the branch cut,
and the blue shading represents the area beyond the non-Hermitian spectra. The
area between them is shaded light yellow. b A comparison between the time-
dependent response function χS(ωc) for the complex frequency excitation (CFE, gray
curve), and the complex frequency Green’s function with (red dashed line) and
without NHA (blue dashed line). The result is obtained under OBC, exhibiting the
failure of NHA in the complex plane. Here ω7 =− 1− 0.05i, ω8 =− 1− 0.115i, and
ω3 ~ ω5 in Fig. 1c are marked as red, green, and pink dots, respectively. j0 = 30, and

i0 = 36. cA comparison of the observable hbaS;j0 ðtÞi between the CFE (gray curve) and
complex frequency synthesis (CFS) at ω7 with different synthesis domains and
spectral resolution (green, blue, and orange curves, respectively). Here i0 = 36.
Crucially, the line Imω ¼ �γ serves as a critical boundary: CFE (and equivalently
CFS) responses undergo a qualitative change from steady-state convergence to
divergence when crossing it. d Error analysis of the CFS. The error residuals, defined
as the relative difference of the complex frequency synthesis (CFS) results from the
complex frequency excitation (CFE) results in (c) (green, blue and orange curves,
respectively). Other parameters are t1 ¼ 1:2; t2 ¼ �1; λ ¼ �1; μS ¼ 0:2; tx ¼ 1;
ty ¼ 3:5; μS0 ¼ 0:3; tA ¼ 0:6; γ ¼ 0:1, NS = 80 and Ny = 300.
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exact identity:

hbaS;ωc
ðtÞi ¼ i

2π

Z 1

�1

1
ω� ωc

hbaS;ωðtÞidω ð24Þ

serves as rigorous proof of this equivalence. A quantitative validation is
presented in Fig. 4(c), where the result derived from CFE is compared with
synthesized responses across progressively expanding synthesis domains
and refined spectral resolutionsΔω. The convergence toward theCFE result
confirms the validity of the CFS method, which is further verified by the
error residuals in Fig. 4(d).

Complex frequency fingerprint
To capture the non-Bloch response, the recently developed complex
frequency fingerprint (CFF) method under real-frequency driving is
necessary. Its experimental implementation comprises three concise
steps (details in Supplementary Note 2 and Fig. S1): (i) Apply a harmonic
drive FiðtÞ ¼ θðtÞe�iωrtFS;i at a single site i and measure the induced
response hbajðtÞiFi at all sites j within subsystem S; (ii) repeat step (i)
sequentially for every site i = 1, …, 2NS to construct the full response
matrix χS(ωr, t), with elements ½χSðωr; tÞ�ji ¼ hbajðtÞiFi

=ðFS;ie
�iωrtÞ; (iii)

define the CFF as

GS;ωr
ðωc 2 C; tÞ ¼ 1

ðωc � ωrÞ þ ½χSðωr; tÞ��1 ; ð25Þ

with an auxiliary parameterωc. As demonstrated in SupplementaryNote 2,
as t → ∞, the CFF specifically measures the following double-frequency
Green’s function,

GCFF
S;eff ðk;ωc;ωrÞ ¼

1
ωc � HS;eff ðk;ωrÞ

; ð26Þ

where ωc 2 C and ωr 2 R. Notably, here we clarify that as detailed in
Supplementary Note 2, ωc and ωr in the CFF method are independent
parameters: ωc is an artificially introduced complex variable, while ωr is a
controlled parameter corresponding to the frequency of the actual driving
field defined in Eq. (15). Crucially, for any fixed driving parameter ωr, this
double-frequency Green’s function precisely corresponds to the CFGF
associated with the non-HermitianHamiltonianHS,eff(k,ωr). Asωr evolves,
the corresponding double-frequencyGreen’s function changes accordingly.
Figure 5(a) and (b) exemplify this behavior through the following complex-
frequency DOS

DCFF
S;eff ðωc;ωrÞ ¼ � 1

NSπ

X
k

ImTrGCFF
S;eff ðk;ωc;ωrÞ ð27Þ

at frequencies ωr = 4 and ωr = 5, respectively.

For any given ωr, once HS,eff(k, ωr) exhibits the NHSE, the corre-
sponding non-Bloch response can be detected via the double-frequency
Green’s function by settingωc with a nonzero spectral winding. An example
is illustrated on the left side of Fig. 1(c) with ωr = 0. Moreover, for the non-
Hermitian skin effect inHS,eff(k,ωr) to bepronounced,ωrmust liewithin the
spectral range of S0. Ifωr lies far outside this region, the self-energy becomes
vanishingly small, causing the NHSE, even if theoretically present, to be
imperceptible. Furthermore, the nonzero spectral winding originates pri-
marily from two intrinsic properties of subsystem S: the breaking of time-
reversal symmetry and its asymmetric coupling to S0 (tA ≠ tB)

13. It is not
explicitly tied to the topological properties of the full system bHtot.

In summary, as illustrated in Table 1: (i) The CFF methodology
effectively identifies double-frequency Green’s function governed by Eq.
(26); (ii) For each driving frequency ωr, the CFF is described by the non-
Hermitian Hamiltonian at ωr, i.e., HS,eff(k, ωr); (iii) This framework estab-
lishes a unified platform for the systematic exploration of NHSE and non-
Bloch responses in a Hermitian quantum system.

Notably, the inequivalence between CFF and CFE primarily stems
from the frequency dependence of the self-energy, reflecting the breakdown
of the Markovian approximation. However, even when the Markovian
approximation is valid, if the subsystem Hamiltonian bHS is intrinsically
non-Hermitian andhosts nontrivial spectral topology,CFEandCFF remain
inequivalent due to virtual gain (divergent response from CFE, see Sup-
plementary Note 2). Meanwhile, the CFF approach continues to correctly
capture the response across the full complex-frequency plane under real-
frequency excitation56.

Conclusion
In this work, we have established a framework for detecting complex fre-
quency responses in a frequency-dependent Hamiltonian of the subsystem.
Our comparative study reveals that while both CFE and CFSmethods yield
identical results characterizing the exact complex frequency Green’s func-
tion without non-Hermitian skin effect signatures, the CFF approach
uniquely manifests non-Bloch responses through its detection of double-
frequencyGreen’s function.Ourwork elucidates the physical origin of non-
Hermitian Hamiltonians in quantum systems through exact theoretical
formalisms, bypassing traditional approximation constraints. These
advancements provide foundational insights for decoding non-Hermitian
phenomena in quantum systems and offer concrete guidance for experi-
mental implementations.

Methods
Validity domain analysis of the NHA
We perform an error analysis to determine the validity domain of the self-
energy under the non-Hermitian approximation. For this purpose, we
define a relative error function, e.g., ErrðImΣAA

S;eff ðk;ωþ iγÞÞ ¼
1� ImΣAA

S;eff ð0; 0þ iγÞ=ImΣAA
S;eff ðk;ωþ iγÞ, Err(ρS,eff(ω)) = 1 − ρS,nH(ω)/

ρS,eff(ω) and Err(AS,eff(k, ω)) = 1− AS,nH(k, ω)/AS,eff(k, ω), which quantifies

Fig. 5 | The results of complex frequency finger-
print. a, b The complex frequency density of states
for the complex frequency fingerprint (CFF) defined
as DCFF

S;eff ðωc;ωrÞ at ωr = 4 and ωr = 5, respectively.
Both results in (a) and (b) exhibit nontrivial spectral
topology, with the color bar ranging from−10 to 10.
The poles of the double-frequency Green’s function
are marked by black circles. Other parameters are
t1 ¼ 1:2; t2 ¼ �1; λ ¼ �1; μS ¼ 0:2; tx ¼ 1;
ty ¼ 3:5; μS0 ¼ 0:3; tA ¼ 0:6; γ ¼ 0:1, NS = 80
and Ny = 300.

(a) (b)
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the deviation of the NHA result from the exact counterpart. Notably, here
the subscript “eff" emphasizes the case of exact frequency-dependent
effective Hamiltonian in Eq. (8). As shown in Fig. 6(a), the relative error in
the imaginary part of the self-energy remains negligible (below 5%) within
the subsystem bandwidth, demonstrating the validity of the NHA in this
region, as well as the free choice of the approximation point beyond
k=0,ω=0.Moreover, as previously indicated inFig. 2(b), the real part of the
self-energy varies only slightly over the same bandwidth, further supporting
the accuracy of the approximation. This validity domain is also corrobo-
rated by Fig. 6(b), where the relative error of theDOS stays sufficiently small
between the band edges (marked by red dashed lines).

Outside the bandwidth, the relative error of the imaginary part of the
self-energy grows significantly, exceeding 10%, indicating the breakdown of
the non-Hermitian approximation. Nevertheless, since the density of states
decays rapidly in this region, the NHA remains applicable on the real
frequency axis.

In contrast, the non-Hermitian approximation fails in the complex
plane. As illustrated in Fig. 6(c), the spectral function at Imω ¼ �0:08
exhibits substantial errors under the NHA, even within the bandwidth,
highlighting the limitation of the method for complex frequencies.

To illustrate the validity domain of non-Hermitian approximation
with respect to Imω, tA and ty/tx, we again employ the error function for the
density of states, Err(ρS,eff(ω)). The condition Imω > � γ ensures that the
DOS ρS,eff/nH(ω) is well-defined along Reω. Specifically, we scan the relative
error across Reω 2 ½Emin; Emax�, where Emin=max denote the lower/upper
band edge of HS(k). The NHA is considered to fail whenever the relative
error exceeds 5% at any Reω within this interval. As shown in Fig. 6(d), the
shaded regions below the curves, each corresponding to a different Imω,
indicate where the non-Hermitian approximation remains valid. Above
these curves, the approximation fails, indicating the necessity of an aniso-
tropic environment S0 with a bandwidth sufficiently broad relative to S.
Notably, as Imω approaches the branch cut, the validity region shrinks and

the boundaries becomemore unstable (oscillatory), suggesting that a larger
Ny is required to converge the self-energy at higher ty/tx ratios.

Furthermore, we consider the separability of ωc and ωr in the double-
frequency density of statesDCFF

S;eff ðωc;ωrÞ, which relates to the validity of the
non-Hermitian approximation. The essential information for the complex-
frequency DOS is contained in the eigenvalues of the effective non-
HermitianHamiltonianHS,eff(k,ωr). The distribution of its eigenvalues thus
serves to characterize the validity of the NHA.

Specifically, under the NHA at ωr = 0, the eigenvalue trajectories form
loops enclosing afixed area.Asωr varies, the point gap topology persists, but
the shape and areaof these loops change. Thus,we candefineAreff(ωr) as the
area enclosed by the eigenvalue loops ofHS,eff(k,ωr). Then the validity of the
non-Hermitian approximation can be quantified by the relative error
function Err(Areff(ωr)) = 1− Areff(0)/Areff(ωr). As shown in Fig. 7, using a
5% relative error as the demarcation standard, the validity domain of the
NHA is indicated by the light blue shaded area, where the relative error
remains within 5%, exhibiting the separability of ωc and ωr within this
region. Beyond this threshold, in the light pink shaded region, the non-
Hermitian approximation begins to fail, and the exact treatment should be
considered. This result clearly demonstrates the dependence of the complex
DOS on ωr, underscoring its inherent double-frequency nature.

The loop-cut tracking method and the winding number
Here, we provide a quantitative diagnostic tool for verifying the point gap
topology and the branch cut beyond mere visual plotting.

For the NHA case, we consider E1(k) and E2(k) as the two sets of
eigenvalues ofHS,nH(k).As shown inFig. 3(d), these eigenvalues form the two
distinct loops on the complex plane. In our numerical calculation, we dis-
cretize themomentumaski ¼ �π þ ði� 1Þ 2πNS

with i=1, 2,…,NS. Focusing
onE1(k) as an example (the left loop in Fig. 3(d)), we define the relative phase
angle between consecutive eigenvalues as θðkiÞ ¼ ArgðE1ðkiþ1Þ � E1ðkiÞÞ,
where Arg returns the phase within [−π, π].

Fig. 6 | Error analysis of the NHA: deviation from
the exact result. a Relative error of the imaginary
part of the self-energy. The color bar ranges from
−0.17 to 0.04. bRelative error of the density of states
(DOS, green curve); the red dashed lines mark band
edges at ω = ± 2.21, and the gray shaded areas
indicate the band gaps ( ≈ 0.5). cRelative error of the
spectral function at Imω ¼ �0:08. The color bar
ranges from −0.65 to 0.4. d Validity breakdown
diagram of the non-Hermitian approximation
(NHA) versus Imω; tA and ty/tx. Boundary lines are
drawn as yellow, blue, green, and red curves, with
their corresponding validity regions filled with the
respective colors. Here, t1 ¼ 1:2; t2 ¼ �1; λ ¼ �1;
μS ¼ 0:2; tx ¼ 1; μS0 ¼ 0:3; γ ¼ 0:1, NS = 80 and
Ny = 300, Emin ¼ �2:21; Emax ¼ 2:21. In (a)–(c)
ty = 3.5, tA = 0.6.

(a)

(c)

(b)

(d) Breakdown diagram

https://doi.org/10.1038/s42005-026-02524-8 Article

Communications Physics |            (2026) 9:84 7

www.nature.com/commsphys


As shown in Fig. 8(a), the blue circles indicate the evolution of this
relative phase for NS = 80. The complete 2π transition clearly tracks the
winding of E1(k) and demonstrates the existence of a loop. The result is
further confirmed by the results for NS = 300 (marked by crosses), which
show convergence. This outcome can be verified by the winding number
defined in Supplementary Note 1:

νnHðωÞ ¼
1
2πi

Z π

�π
dk∂kln det½HnHðkÞ � ω�: ð28Þ

In this case, we chooseω=− 1−ωii withωi∈ [0.08, 0.16]. Asωi varies,
this frequency trajectory crosses the loop in Fig. 3(d) and the branch cut in
Fig. 3(e). As shown in Fig. 8(c), the corresponding winding number jumps

from zero to one when the complex frequency encounters the loop,
demonstrating the point gap topology.

For the exact case, it can be proved (see SupplementaryNote 5) that the
poles are given by the eigenvalues of

HtotðkÞ � iγ ¼
HSðkÞ HSS0

Hy
SS0 HS0 ðkÞ

 !
� iγ ð29Þ

is

HSS0 ¼
tA 0 0 . . . 0

0 tB 0 . . . 0

� �
; ð30Þ

which is a 2 × 2Ny matrix. Similarly, we denote the eigenvalues of
Htot(k)− iγ as ϵ1ðkÞ; ϵ2ðkÞ; . . . ; ϵ2Nyþ2ðkÞ, and analyze ϵ1(k) to examine its
“cut" property. The result in Fig. 8(b) shows numerically negligible variation
(~10−7,whichoriginates fromthe inherent truncation error of thenumerical
diagonalization process), indicating that these poles share the same ima-
ginary part, thus forming a cut. This conclusion is further confirmed by the
winding number

νextðωÞ ¼
Z π

�π
dk∂kln det½HtotðkÞ � ω� iγ�: ð31Þ

As shown in Fig. 8(d), the vanishing winding number demonstrates the
trivial spectral topology of the branch cut.

Quantitative verification of the non-Bloch region
This section provides a quantitative demonstration of the non-Bloch region
in Fig. 1, going beyond the visual representation. For clarity, we define the
spatial distribution of the Green’s function under NHA as

ψnH;iðωÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j½GR

S;nHðωÞ�2i�1;j0
j2 þ j½GR

S;nHðωÞ�2i;j0 j
2

q
jNor; ð32Þ

Fig. 8 | Diagnostic verification of the loop and the
branch cut. a, b The tracked relative phase of
eigenvalues (poles) for the non-Hermitian approx-
imation (NHA) and the exact case, respectively. Blue
circles and brown crosses represent the case of
NS = 80 and NS = 300, respectively. c, d The corre-
sponding winding number (red circles) for theNHA
and exact case, with ω = − 1 − ωii, where
ωi ∈ [0.08, 0.16]. These results confirm the presence
of loop and branch cut characteristics.

(a) (b)

(c) (d)

NHA

Exact case

Fig. 7 | Evolution of theωr-dependence fromnegligible to significant.The relative
error in the area enclosed by the eigenvalues ofHS,eff(k,ωr) as a function ofωr, using a
5% threshold (the black dashed line) to indicate the validity of non-Hermitian
approximation (light blue and light pink regions represent validity and failure,
respectively). Here, t1 ¼ 1:2; t2 ¼ �1; λ ¼ �1; μS ¼ 0:2; tx ¼ 1; ty ¼ 3:5;
μS0 ¼ 0:3; tA ¼ 0:6; γ ¼ 0:1, NS = 80 and Ny = 300.
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where i = 1, 2,…, NS and ∣Nor denotes normalization. To characterize the
skin effect, we introduce the skin length ∣ξl(ω)∣ through the relation
lnψnH;iðωÞ � i=ξ lðωÞ, with ω belonging to the non-Bloch region. Since the
exponential scaling requires using bulk sites away from boundaries to avoid
edge effects, we numerically fit lnψnHðωÞ over the sites i ∈ [NS/4, 3NS/4].
This choice is arbitrarybutdoesnot affect the steady-state results asNS→∞.

Forω in thenon-Blochregion andλ<0 (the signofλdoesnot affect the
complex spectrum), we find ξl(ω) > 0. With a left-side excitation at j0 = 40,
ψnH(ω) localizes to the right, so we denote ξl,L(ω) = ξl(ω) for λ < 0. Con-
versely, for λ>0 and a right-side excitation at j0 = 2NS− 39,ψnH(ω) localizes
to the left, and we define ξl,R(ω) =− ξl(ω) for λ > 0.

Figure 9(a) shows that the skin length converges to definite values asNS

increases. The coincidence of ξl,L and ξl,R at largeNS demonstrates left/right
excitation symmetry. The steady-state skin lengths for ω3, ω4, ω5 are
obtained as 107.2, 48.4, and 187.7, respectively.

Next, to quantify left-right asymmetry in the non-Bloch region, we
define the distribution center:

x0ðωÞ ¼
1
NS

XNS

i¼1

ijψnH;iðωÞj2; ð33Þ

where x0(ω) ∈ (0, 1). Values x0(ω) > 0.5 (λ < 0) indicate rightward locali-
zation, while x0(ω) < 0.5 (λ > 0) indicate leftward localization. For con-
venience, we define the relative center location as x0,L(ω) = x0(ω) − 0.5
(λ < 0) and x0,R(ω) = 0.5 − x0(ω) (λ > 0).

As shown in Fig. 9(b), the relative center location approaches 0.5 with
increasing NS, confirming the asymmetry of non-Bloch response. The
convergence of x0,L(ω) and x0,R(ω) further exhibits left-right excitation
symmetry.

Data availability
The datasets generated during and/or analyzed during the current study are
available from the corresponding author, Zhesen Yang, upon request.

Code availability
Code examples of key conclusions developed for this study and the software
used are available in the GitHub repository at https://github.com/oaddao/
CFD-code-examplesand have been archived in Zenodowith the https://doi.
org/10.5281/zenodo.17404523. Other codes are available from the authors
upon request.
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