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Chiral damping with persistent edge
states from the interplay of topologies in
open quantum systems
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Open quantum systems are relevant for characterizing various phases of matter in a realistic setting.
Yet, it remains unclear how dissipation-driven phenomena of boundary accumulation, known as the
non-Hermitian skin effect and robust edge states of topological phases, synergise in a system. We
study the dynamical consequences of combining the two effects in a paradigmatic Hofstadter model
under dissipation. The time-dependent particle density exhibits both chiral damping, caused by the
skin effect, and edge-selective extremal damping, rooted in the edge states. We further show that the
time scales of the two processes decouple due to boundary-induced spectral topology, enabling both
effects to appear clearly in the dynamics. We identify intermediate magnetic fields as the most
favorable regime, since chiral damping is then partially recovered. Our results offer a direct dynamical
probe of intertwined spectral and band topologies and are relevant for the design of robust quantum

channels.

The topological characterization of matter has gained relevance beyond
quantum materials, and is now also applied in photonic'?, mechanical™*, soft
matter’, and dissipative systems’®. Often, the salient physics can at least
approximately be described by non-Hermitian matrices. The interplay of
such non-Hermitian “Hamiltonians” with topology is therefore under
intense investigation. As a prominent example, the non-Hermitian skin
effect (NHSE) is rooted in a topological winding of the complex spectrum of
non-Hermitian matrices ("spectral topology”), rather than the topology of
eigenstates ("band topology”)’™'°. In open quantum systems, the NHSE of
damping generators manifests as a chiral damping wavefront in the
dynamics'”"*.

In general, the spectral and band topologies of effective non-Hermitian
systems can both be trivial or non-trivial. Non-Hermitian Hamiltonians can
for example be associated with finite Chern numbers and have topological
edge states”’. In open quantum systems, this can lead to edge-selective
extremal damping, a phenomenon in which particles resist dissipation
predominantly at one or several edges of the system™ . Some aspects of the
interplay of NHSE and edge modes have been studied earlier. It was found
that these effects compete, which can dramatically alter the localization of
topological edge states™ ",

The combined dynamical consequences of the NHSE and topological
edge states in Lindbladian dynamics, however, remain unexplored. A central
aspect in closing this knowledge gap is that dynamics is governed not only by

the localization of eigenstates, but also by their complex spectrum. Extremal
edge modes and chiral damping have been observed in different classes of
systems, the former in examples with spectral line-gap topologies™, and the
latter with spectral point-gap topologies™. Our work advances the study of
non-Bloch dynamics and topological edge modes™ to a two-dimensional
setting, where additional phenomena emerge. By introducing dissipation to
an initially Hermitian Hamiltonian, we realize non-Hermitian spectral
topology originating from the system’s open dynamics rather than from
inherent non-Hermiticity. The 2D Hofstadter model enables the controlled
interplay between band topology and non-Hermitian spectral topology
through magnetic flux, giving rise to edge-localized spectral structures,
damping gaps, and potential higher-order boundary modes, unattainable in
one dimension. In this work, we show that chiral damping and edge-selective
extremal damping can coexist in open quantum systems due to a non-trivial
interplay of (i) spectral topology in the bulk giving rise to an NHSE, (ii) band
topology in the bulk giving rise to topological edge states, and (iii) spectral
topology at the edge giving rise to a damping gap and minimal damping of
the edge states. In addition, we explain how the time-evolution of particle
densities provides a convenient probe of these different topologies.

Results and discussion
We analyze how bond dissipators, an important and broad class of dis-
sipators, affects the dynamics of topologically non-trivial systems with edge
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Fig. 1 | System and main results. a Dissipative Hofstadter model with hoppings ¢,
and t,, dissipators Lj, (loss) and Lj (gain) on y-bonds, and enclosed magnetic fluxes ¢
per plaquette. b Schematic illustration of the coexistence of skin effect and topolo-
gical edge modes. ¢ Time evolution of the particle number n(j,, ) in the tight-binding
model. (The normalized particle number is indicated through the color bar.) We
used periodic boundary conditions along x (summing 40 k,-momenta per site), open
boundary conditions along y (with L, = 40 sites and site index j,). The system is fully
occupied at t = 0,and y' = 0.2, = 0, ¢/¢pp = 1/4, and £, =, = 1.

states. As a main result, we find that topological edge states form the
dominantly occupied states in the dynamics of topological systems with
bond dissipation. To illustrate our findings, we focus on the paradigmatic
Hofstadter model” coupled to an environment inducing gain and loss along
the y-bonds, see Fig. 1a, but we also comment on the broader applicability of
our results. Our central findings are as follows: (A) Since bulk sites have
more attached bonds than edge sites, bond dissipation generically gives rise
to weaker dissipation at the edges than in the bulk. Physically, this implies
that the states localized at the edges tend to have the lowest decay. (B) At the
same time, bond dissipation is well-known to induce an NHSE'*™", and we
observe the corresponding chiral damping wavefront in the bulk'”'"®. The
edge states, however, experience a competition of topological and skin
localizations, both exponential. For sufficiently small dissipation, the edge
states resist skin localization® . We then find that particle localization at
the edges persists even at long times, rendering the topological edge states
the dominantly occupied states in the system dynamics. (C) This physics can
be detected via the spatially resolved particle density in the system, as
schematically illustrated in Fig. 1b, explaining the main features of a
numerical simulation shown in Fig. 1c. (D) We connect our concrete results
to a general discussion of the interplay of spectral and band topologies,
explaining how our findings pertain to dynamics in open quantum systems
more broadly.

General formalism

A general Hermitian system Hamiltonian can be expressed in the second
quantised formas: H = > aﬁcz hgcs. We assume that this Hamiltonian is
topologically non-trivial (later we consider a concrete example of the Her-
mitian Hofstadter model). The environment is introduced in the language of

a Lindblad Master equation for the system’s density matrix p***":

d ] 1
CTI;: _1[H>P]+;<L(xl)L; _E{Llep}) (1)

The effect of dissipations is modeled by linear jump operators which
can be expressed in the most general form as L§ =)D}, ¢/ and
= >",D% .c;, corresponding to gain and loss type d1551pat10n, respectlvely

For the remalnder, it is helpful to define the matrices M, = >~ D¢*D?
and M fxﬁ =Y D Vﬁ, which in turn allow the definition of the dampmg

matrix X as

X = " — M + M®) )
These matrices are key for the dynamics of our main observable of interest,

the covariance matrix C with matrix elements Caﬁ(t) = Tr(clcﬁp(t)). Its
exact time evolution follows from Eq. (1), and is governed by ref. 17.

% = XC(t) + C()XT + 2M2, 3)

The solution of Eq. (3) can be split into a constant steady-state value Ci; and
the convergence towards the steady state as C(t) = C, + E‘(t) The time
evolution of C(t) can be cast into an analytic expression in terms of the
eigensystem of X,

a0 = My W Wl COMW L) Wl ()

m,m’

where A, (Wr/1,») denotes the m-th eigenvalue (right/left eigenvector) of the
damping matrix X"".

Interplay of spectral and band topologies

Our general model exhibits both spectral and band topologies. In our case,
both topologies are hosted by the damping matrix X, but similar conclusions
can also be drawn for non-Hermitian Hamiltonians and other non-
Hermitian matrices.

Consider therefore in the first step some Hermitian matrix M repre-
senting a topological system with open boundary conditions along y (such as
the damping matrix X at zero damping in our case, or the Hamiltonian for a
topological system). In the second step, we assume the system to be coupled
to some environment giving rise to non-reciprocal nearest-neighbor hop-
pings ¢, + y, which entails an NHSE along y. Due to the non-reciprocal
hopping encoded by y # 0, the system is now represented by a non-
Hermitian matrix M, ;. In the simplest cases, the non-Hermiticity corre-
sponding to this non-reciprocity can be removed from M, ;; by acting on it

with a  so-called imaginary gauge transformation (IGT),
M,(t,,y) = ST M,y (2,008, where S implements the IGT and
t, =/} — y*"****. This transformation preserves the spectrum of M, ;.

Simultaneously, the transformation also affects the eigenstates by rescaling

1
them with an exponential factor ¢*/%, where &5 = (1 logr +y) . Overall,

the IGT thus trades a matrix with non-reciprocal hopping for a matric with
reciprocal hopping, while at the same time giving an exponential factor to all
the eigenstates to preserve the skin-localization.

Since the system is topological by assumption, bulk-boundary corre-
spondence implies that the Hermitian matrix M(Zy, 0) generically has
exponentially localized, topologically protected edge states. A reverse IGT
then shows that while all extended bulk states of ./\/l(fy, 0) correspond to
skin-localized states of M(t,,p), the same need not be true for the edge
states. Those instead, experience a competition between topological and
skin localization: one edge mode is tightly localized, e=?/%se™/%, while the
other is stretched out, e /¢se~(=")/%. where &,; are the topological loca-
lization lengths. If &g >> &z 1, i.e., for sufficiently weak non-reciprocity, both
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Fig. 2 | Deconstructing band topology and spectral topology. Static polarization Pg
for the original eigenstates of the damping matrix X, and after effectively removing
the non-Hermitian skin effect by the application of an imaginary gauge transfor-
mation only to X, but not to the eigenstates. Here, y' = 0.2, =0, ¢/¢pg = 1/4, t, =1, = 1,
and L, = 40.

edge modes remain localized at their respective edges. Bulk band topology
(giving rise to topological edge states) and bulk spectral topology (yielding a
bulk NHSE) thus co-govern the spatial profile of eigenstates™ . All
eigenstates in our computations are obtained conventionally from the right
eigenvectors of the non-Hermitian damping matrix X. Let us concretize the
above discussion using a viable system and environment.

Model

We consider spinless electrons on a two-dimensional square lattice subject
to a uniform magnetic field, see Fig. 1a. With the gauge choice A = B( — ,0),
applying Peierls substitution”, and assuming cylindrical boundary condi-
tions (periodic in x, open in y), the Hamiltonian takes the form

H= Z(th cos(k, — 2mj,¢/¢,) c,txjyckay
ey ®)
+tcT.c-+tcT.c-)
Y Ty H1 kg, T Ty Bk, T, +170

and is known as the Hermitian Hofstadter model”

. cz ;, are fermionic
oy

creation operators for an electron with x-momentum k, and site number j,

along y. The hopping amplitudes are t,, ¢,, the magnetic flux per unit cell is ¢,

and ¢, = h/e is the flux quantum.

The dissipation arising from the environment are modeled using bond
dissipators

1 .

kazfy S \/;(Ckx-jy — lckx:jﬁrl)’ (6a)
& + L f

kaJy =/ (Ckay + lckxj},Jrl)‘ (6b)

Here, ) () represents the dissipation strength for loss (gain). For the
Hofstadter model with bond dissipators the damping matrix reads

X= Z.HnH—Hof - 2)/ 1+ erdges7 (7)

where y = y* + § and

. +
HanHof = Z <2tx COS(kx - 2”]y¢/¢0)ckx,jy Ckx,jy

oy ®)

+ i
+(ty + y)ckay+lckX‘jy + (ty - y)ck"‘i}’Ck“jf'—l) '

is a non-Hermitian Hofstadter model with non-reciprocal hoppings. The
term ~ 1 in Eq. (7) merely shifts the entire spectrum of X by 2y, but leaves all
eigenstates unaffected. In contrast, I, is @ diagonal matrix with zeros
everywhere except for unit entries at the top left and bottom right

(corresponding to the edge sites). This term physically encodes the fact that
edge sites have fewer attached bonds than bulk sites, and are consequently
less affected by bond dissipators. We also note that the non-Hermiticity in
the damping matrix arises due to the coupling with the environment—it
directly follows from the master equation Eq. (1), and is not included ad-
hoc. Physically, the non-Hermiticity of X represents the tendency of the
system to decay towards its steady state. In particular, the imaginary
nonzero parts of the eigenvalues of X encode the decay rates at which
different modes relax or are damped through interaction with the
environment. The dissipative nature and resulting steady-state behavior
of the system are thus fully captured by the non-Hermitian structure of X.

The central interest of the present work is how the interplay of spectral
and band topologies affects dynamics. To boost the impact of the rebellious
topological edge states onto dynamics, the damping rates for bulk and edge
states should differ significantly. In an initially Hermitian topological sys-
tem, a corresponding gap in damping rates(i.e real part of X-spectrum) can
be induced by adding dissipation only to the edges. Technically, this leads to
a spectral point gap for the topological edge states™. Particularly, the
boundaries of Hermitian topological phases under dissipation are known to
host intrinsically non-Hermitian point-gap topological phases™. The key
feature in such scenarios is the opening of a damping gap exclusively for the
edge-states, thus stabilizing them dynamically. In open quantum systems,
effective edge-only dissipation can readily be created by bond dissipators,
since edge sites have less bonds attached than bulk sites.

It is now important to recall that (reverse) IGTs not only preserve the
spectrum of M, but also its diagonal elements. Adding edge-only dis-
sipation to either M,,H(Zy, 0) or M,(t,,y) consequently results in a
damping gap (a finite separation between the least-damped and more
strongly damped modes in the spectrum of a dissipative quantum system),
for the topological edge states, but not for any other states. In particular,
skin-localized bulk states of M, #(t,, y) are essentially unaffected. Since the
eigenvalues of X encode the decay rates of different modes toward the steady
state, the damping gap (or Liouvillian gap)* quantifies the slowest (i.e.,
least negative real part) nonzero decay rate in the system. This gap sets the
asymptotic rate at which perturbations relax: a finite damping gap implies
exponential and rapid convergence to steady state, whereas a closing
(vanishing) damping gap signals slow relaxation or possible long-lived
modes. In the context of the interplay between chiral damping and topo-
logical edge modes, the Liouvillian gap controls how quickly dynamical
signatures of both phenomena appear and how robustly they persist before
the final steady state is reached.

Deconstructing damping effects in the spectrum of a dissipative
Hofstadter model

The non-Hermitian Hofstadter model and related Aubry-André-Harper
model have been studied before in the context of suppression of skin-effect
and chiral damping as well as localization-delocalization transitions™*.
Chiral damping in open quantum systems refers to the emergence of a
dissipative chiral wave-front with a velocity determined by the damping gap
in the system and the underlying non-Hermitian skin-effect. Here, we are
interested in how the interplay of spectral and band topologies affects
dynamics, especially at intermediate magnetic fields (we comment on weak
fields later). We first analyze the spatial localization of the eigenstates of X,
captured by the spectral polarization

L
1 <& .
Py(m. k) = iy W (ke ) ©)

Y j,=1

Here, we used translation invariance along x to decompose the pro-
blem into decoupled k,-sectors. In our numerical implementations, we
normalize the right eigenstates as ij ¥ Rm s k,)|* = 1. Figure 2 shows
the spectral polarization in a parameter regime supporting topological edge
states. To allow a convenient identification of bulk and edge states, we depict
Pg in the original model (red dots), and also after removing the NHSE using
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Fig. 3 | Dynamics: coexistence of topological edge modes and skin-localized
bulk modes. a, b Imaginary and real parts of A,, (eigenvalues of X). Colors indicate
the site index expectation value of the corresponding right eigenstates, vertical lines
mark momenta k, = — 1.2 and k, = 0.8. ¢, d Spatial profile of the eigenstates for

site j, (out of 40)

ky=10.8
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k,=— 1.2 and k, = 0.8. e Dynamical polarization as a function of time. f Dynamical
polarization as a function of damping at fixed time t = 200. Here, damping rate

y' = 0.2 except for (f), dissipation strength ¥ = 0, magnetic flux ¢/¢ = 1/4, couplings
t, = t, = 1, and lattice length L, = 40.

an ad-hoc modified IGT (blue open triangles). More concretely, we apply
the IGT only to the damping matrix and then calculate the eigenstates of this
transformed matrix without including the exponential localization factor of
the eigenstates responsible for the NHSE. As heralded by a value of Ps = 0,
the NHSE localizes most eigenstates of the damping matrix X at one edge. In
striking contrast, the topological edge states (modes number 1 and 2 in
Fig. 2) remain well-localized at their respective edges despite the NHSE.
After performing the modified IGT (blue triangles in Fig. 2), almost all states
are localized in the bulk with intermediary Ps values due to the removal of
NHSE, and the two topological edge states are localized at the two opposite
edges with Pg = 1 and 0, as expected. This shows that the edge localization
due to topological edge physics, and the edge localization due to the NHSE
are essentially independent and superimposed.

Next, we turn to the dynamics of electronic densities. The momentum-
resolved time-dependence is described by the dynamical polarization,
defined as

L . .
1 ijyzljy n(k)m]y? t)

Ppk, t) =— .
7 Ly 37y nlkyay 1)

(10)

Here, the time-dependent local density n(k,s jy» £) is simply the diagonal
element of C(f) with & = 8 = (k,, j,). Since Eq. (7) contains a term corre-
sponding to edge-only dissipation, our general discussion implies that the
edge states exhibit a damping gap. This is shown in the k,-resolved spectrum
of the damping matrix in Fig. 3a-b. The imaginary part of the spectrum
reflects the band-structure of the Hofstadter model. Topological edge states
crossing the band gaps are clearly visible in Fig. 3a around k, = — 0.8 and
k, = 2.4. The real part of the spectrum depicted in Fig. 3b shows that edge-
only dissipation induces a damping gap for these edge states. A simple
perturbative argument indicates that the edge-state damping gap is of order
¥, in agreement with our numerical findings. For all time-evolution calcu-
lations, we initialize the system with a lattice configuration in which each site
is singly occupied.

Due to this damping gap, the edge states govern the long-time
dynamics. We show this using two representative momenta: well-defined
topological edge states exist for k, = — 1.2, while they are not well-separated
from bulk states for k, = 0.8, as visible from Fig. 3(a)-(b), and further
illustrated in Fig. 3c-d showing the spatial profile of the right eigenstates of

X. Note that for a fixed k,, different edge states in general have different
distances to the bulk states. This results in different localization lengths and
different damping gaps. The long-time dynamics for fixed k, is governed by
the single edge state with the lowest damping. Figure 3(e) presents the time-
dependence of Pp,. We find that the chiral damping rooted in the NHSE of X
leads to an initial linear evolution (here: decrease) of the dynamical polar-
ization. In contrast, the long-time dynamics depends on whether well-
defined edge states with a damping gap are present or not: if present, such
edge states lead to edge-selective extremal damping — an open system
quantum phenomenon where dissipation is either maximized or minimized
specifically at the system’s boundaries, which renders topological edge states
as the ones with maximal or minimal damping™. To assess the robustness of
this effect with varying dissipation, we plot the polarization at the late time
t =200 as a function of the damping y in Fig. 3f. For k, = — 1.2, we find that
Ppfirst settles to 1, heralding edge-selective extremal damping, but decreases
as the NHSE becomes stronger at larger y, which reduces the localization of
the edge state. For k, = 0.8, on the contrary, edge-selective extremal damping
is absent due to the absence of well-defined damping gap for the edge states.
This demonstrates that well-defined topological edge states are indeed
resilient against skin localization, and that they facilitate edge-selective
extremal damping due to their damping gap. Particles will consequently
predominantly remain at the edges at late times.

The momentum-resolved analysis of Fig. 3 can be generalized to more
accessible observables. For the setting of Fig. 1, the momentum-summed
local densities n(jy,, t) = kan(kaﬁ Jy» 1), summed over 40 equidistant k,-
values, exhibit two different regimes. After preparing the system in a fully
occupied state, the short-time dynamics is governed by an emptying of the
bulk states via a chiral damping wavefront, see Fig. 1c. The topological edge
states, however, govern the long-time dynamics due to their damping gap:
only particles at the edges remain in the system at long times. This illustrates
that local particle densities are a convenient probe for the coexistence of
spectral topology and band topology. While the robust edge modes originate
from the band topology of the underlying Hermitian Hamiltonian, the
spectral topology governs how dissipation and non-Hermiticity shape
dynamical features like directional (chiral) damping.

Magnetic field-dependence of skin localization
The NHSE is known to be suppressed by weak magnetic fields because
spatially localized Landau level states differ dramatically from extended
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Fig. 4 | Magnetic suppression and recovery of skin
localization. a Static polarization averaged over k, at
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fluxes ¢/¢pp = 1/v with v=2, ..., 100 and ¢ = 0.
Dashed lines indicate ¢/¢o = 1/23, 1/4. b-d Spatial
profile of the right eigenstates of X for all momenta
in the average. The fluxes are ¢/¢, = 0 in (a),

¢/¢o = 1/23 in (b), and ¢/¢o = 1/4 in (c). We use
dissipation strength y' = 0.2, y* = 0, hoppings
te=t,=1, and lattice length L, = 40.
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Bloch states”, which also affects chiral damping®. In agreement with this
result, we observe that Pgyerage the spectral polarization averaged over 40
equidistant k,-momenta, rapidly increases as the magnetic field is switched
on, see Fig. 4a. When the flux per plaquette reaches intermediate values,
however, the localization profile of eigenstates changes, see Fig. 4b-d. We
find that an extensive skin localization is recovered at intermediate fluxes,
rendering chiral damping observable again. In small flux regimes”, applying
a magnetic field can suppress the NHSE by pushing skin modes from the
boundary back into the bulk. This suppression occurs because the magnetic
field restores the standard bulk description that is otherwise invalidated by
non-Bloch skin modes. Intuitively, this suppression must eventually cease,
particularly upon reaching a full flux quantum, at which point the global
skin effect is reinstated. While the precise dynamics of skin localization
restoration at intermediate fluxes require further theoretical investigation,
our numerical calculations confirm the validity of this behavior.

Conclusions

We find that the dynamics of particle densities in open quantum systems
enables a direct visualization of coexisting spectral and band topologies. In
particular, we show that the non-Hermitian skin effect, a paradigmatic
example of spectral topology, can dominate the short-time dynamics, while
band topology can protect topological edge states governing the long-time
dynamics. The measurable consequence thereof is a combination of chiral
damping at short times and edge-selective extremal damping at long times.
We explain that the decoupling of chiral damping and edge-selective
extremal damping in time is due to their separate origins (non-reciprocal
hopping vs. edge-specific damping). Further, if we have open boundary
conditions in both the directions, we expect a dynamical corner localization
at late times. This is because the edges which had a nontrivial point-gap
topology, under PBC along one direction, when opened up give rise to the
corner skin-localization along the corresponding direction.

While we discuss these results with the example of a dissipative Hof-
stadter model, in which the individual analysis of spectral and band topol-
ogies is particularly illuminating, our findings provide insights into the
interplay of spectral and band topologies in the dynamics of open topological
quantum systems more generally. Our results are applicable to the vast class
of topological systems with bond dissipators inducing a skin effect, and hence
not model specific. Our findings unveil how the non-Hermitian skin effect
and topological edge states affect the dynamics of such systems, an important

step given that, arguably, most natural realizations of non-Hermitian phe-
nomena are in dynamical systems with physical loss or gain in time. As such,
our results directly connect to experiments in artificially engineered topo-
logical systems, e.g., in waveguides or electric circuits". Ultracold atoms™,
where signatures of skin effect have been reported is also a promising
platform for simulating open quantum systems such as ours. Beyond these
general findings, our study also considerably deepens the understanding of
how magnetic fields impact open quantum systems. This is important given
the experimental relevance of magnetic fields as a tuning knob.

Data availability
All data supporting the findings of this study are included within the article
and the supplementary information.

Code availability
Computer codes used for calculations and generation of figures are available
upon request.
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