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Ionization of molecules by ultrashort extreme ultraviolet and X-ray pulses triggers complex ultrafast
electron-nuclear dynamics central to attochemistry. Unlike atoms, molecules feature multicentric
potentials, reduced symmetry, and intrinsic vibrational motion, all of which complicate the theoretical
description of continuum states and call for approaches that extend beyond standard atomic physics
and quantum chemistry. Although atomic ionization is well understood, existing methods for
molecular ionization are often specialized, fragmented across disciplines, and suited only to limited
aspects of the problem. In this tutorial, we highlight the key physical features that set molecular
ionization apart from its atomic counterpart, examine the challenges involved in modelling these
processes, and present selected computational strategies applicable across weak and strong field
regimes.

Attosecond pulses currently produced in the laboratory from high-
harmonic generation or free-electron lasers lie in the extreme ultraviolet
and X-ray spectral regions. Therefore, absorption of a single photon con-
tained in such pulses leads to ionization of any atom or molecule. Intense
ultrashort infrared (IR) pulses can also produce a substantial amount of
ionization through multi-photon absorption. In molecules, any of these
laser sources can lead to very rich electron andnuclear dynamics, generating
unusual charge migration, molecular breakup or reactivity, which are the
subject of intense investigations in attochemistry1,2. Such dynamics are
usually resolved in time by using a pump-probe scheme in which the
ionizingpulse is combinedwith adelay-controlled (probe)pulse that further
interacts with the molecule. Hence, for the theoretical modeling of these
processes, one needs first to describe the eigenstates of the unbound system,
which are not L2 integrable, i.e., do not vanish asymptotically, and often
show amuch richer node structure than bound states. These features imply
that specific computational methods, different from those developed for
bound states, are needed3. Such methods were introduced for atomic sys-
tems many decades ago and are well established. However, for molecules,
the number of availablemethods ismuch scarcer and developments are still
in progress4.

The additional features not present in atoms that complicate the the-
oretical description of electronic continuum states in molecules are diverse.

An obvious one is the multicentric nature of the potential seen by the
escaping electron: in atoms, this potential has spherical symmetry, while in
molecules it has not. For small molecules, the potential can still exhibit
point-group symmetry, but for larger ones, it may be completely non-
symmetric. In all cases, multicentric effects manifest in the electronic con-
tinuum states especially at low andmedium photoelectron energies, so that
single-center methods developed for atoms may not be of practical use
except for very smallmolecules,mainly diatomics. As a consequence of this,
the total angular momentum is not a good quantum number in molecules,
so that a large, formally infinite number of final-state angular momentum
eigenstates is accessible for the electrons in the continuum.Thus, expansions
of the electronic continuum wave functions in terms of partial waves may
require inclusion of very large values of the photoelectron angular
momentum, as, for example, when an electron initially localized in a given
molecular region is ionized and is subsequently diffracted by the neigh-
boring atomic nuclei. This is at variancewith atomic systems, where angular
momentumselection rules limit thenumber of accessible angularmomenta.

Another complication is that the lower symmetry of the molecular
system causes coupling of more electronic continua (associated to different
ionic states) compared to the atomic case. Hence, molecular systems gen-
erally require a higher level of correlation description than atomic systems.
Also, at variance with atoms, molecules can have a permanent dipole
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moment. In strong laser fields, this can lead to molecular alignment. Fur-
thermore, as in atoms, a strong field can polarize the molecule’s electronic
charge density in the initial and/or the final states.

Finally, but not less important, in a molecule, atomic nuclei move
significantly around their equilibrium positions or, equivalently, with
respect to its center of mass. As a consequence:

• Ionization does not proceed through a single molecular geometry. All
geometries associated with the molecule’s zero-point vibrational
motion, i.e., belonging to the so-called Franck-Condon region of the
system, contribute.

• Ionization does not always precede nuclear motion generated after
light absorption, as one would in principle expect due to the much
largermass of the nuclei. This is the casewhen ionization is “slow”, e.g.,
in the vicinityof autoionizing stateswith lifetimes of the order of tens or
hundreds of femtoseconds, or even picoseconds. In these cases, elec-
tronic and nuclear motions must be treated on an equal footing, i.e.,
ionization must be described taking into account that the nuclei move
at the same time (coupled electron-nuclear dynamics). This requires
goingbeyond theusualBorn-Oppenheimer approximation.Therefore,
electron correlation can be severely affected by nuclear motion,
Feshbach resonances being an extreme case of strongly coupled
electron-nuclear dynamics due to their slow autoionization decay.

The theoretical description of this complex phenomenology requires
the development of approximate methods that integrate concepts from
strong-field physics and quantum chemistry. However, the foundational
principles of these approaches are often dispersed across specialized lit-
erature, typically without direct reference to the molecular ionization pro-
blem. Moreover, each method tends to be best suited for specific aspects of
the ionization process, complicating the selection of the appropriate fra-
mework for a given scenario. This tutorial provides a comprehensive
overview of the distinctive features that differentiate molecular ionization
from atomic ionization, and outlines strategies to model these processes
under both weak and strong field conditions. Also, a selection of compu-
tational tools that have successfully addressedmolecular ionization is briefly
presented. Our aim is to provide a concrete guide to all the theoretical and
technical aspects for treating molecular photoionization induced by ultra-
short and attosecond pulses, whichwe hope will be useful both for scientists
active in the field and entering it.

Hartree atomic units (e = ℏ =me = 4πε0 = 1) are assumed throughout
this article unless stated otherwise.

Key concepts
Scattering states
The simplestmodel for an unbound electron is a planewave exp½ik � r�with
constant momentum k. This is a reasonable zeroth-order approximation
when the electron is scattered by a neutralmolecule, as in electron-molecule
collisions. However, the unbound electron feels the potential field of the
molecule, which is reflected in the phase it accumulates on its way to the
detector (see Fig. 1). This is the concept of scattering phase-shift. When the
electron wave function is decomposed into its angular momentum com-
ponents (partial-waves), ψl(r; k), one has

ψlðr; kÞ � sinðkr � lπ
2
þ δlðkÞÞ; r ! 1; ð1Þ

where l is the angular momentum of partial wave ψl(r; k) and δl(k) is the
partial-wave phase-shift. The phase-shift becomes negligible for high-
energy electrons, which do not have enough time to notice the molecular
field. The phase-shift is a keyquantity in studies of continuumspectroscopy.
In collision problems (e.g. electron-molecule scattering) it is all that is
needed to compute all observables (cross-sections, time-delays, etc.)
associated with the electron5.

In the case of photoionization of neutral molecules, the residual
molecule is an ion and the photoelectron partial waves must asymptotically
be described by a Coulomb wave instead of a plane wave5, so that

ψlðr; kÞ � sinðkr � ηlnð2krÞ � lπ
2
þ σ lðηÞ þ δlðkÞÞ; r ! 1; ð2Þ

where η ¼ � Z
k ; Z is the residual ion charge, and σ lðηÞ ¼ arg Γðl þ 1þ iηÞ

is the Coulomb phase, but the underlying principles remain the same.
As mentioned in the introduction and described in more detail in the

“Boundary Conditions” subsection in the Key Concepts, due to the non-
spherical symmetry of themolecular potential, the number of partial waves
that effectively contribute to the ionization process, hence the number of
phase shifts, can be very large. So, it is more convenient to consider the so-
called eigenphase sum6, obtained from diagonalization of the scattering
S-matrix.

Both in scattering and photoionization problems, the scattering phase-
shift contains information about the molecular potential. Therefore, mon-
itoringphotoelectrons allowsone to studymolecular properties,which is the
key concept behind time-resolved photoelectron spectroscopy7. To model
photoionization, however, we require not only the phase-shift but crucially
also the dipole matrix element between a bound (initial) and a continuum
(final) wave function to describe the transition induced by an external
electromagnetic field between these states.

Boundary conditions
In photochemistry, IR or UV photons are used to excite the molecule
vibrationally or electronically to one of its discrete states, but the electrons
remain bound to themolecule or its fragments, and the electronicmolecular
wave function decays exponentially with the distance from the atomic
nuclei. As a consequence, it is associated with a discrete value of the energy,
which is typically the object of many bound-state calculations. This bound
state character of the wave function is easily embedded in most quantum
chemistry calculations by the use of Gaussian-type orbitals, see below. In a
stationary (time-independent) picture, when the electron is unbound, the
wave function no longer decays exponentially (see Eqs. (1) and (2)) and is
composed of infinitely many continuum states for each of the different
asymptotic angular momenta8. If one is not interested in a particular elec-
tron emission direction, the N-electron continuum wave function satisfies
the boundary conditions:

rNe
! 1; Ψ�

αEðr1; . . . ; rNe
Þ

¼ 1
Ne

X
β

NβEϒβðr1; . . . ; rNe�1;brNe
; ζNe

Þ
u�β;αEðrNe

Þ
rNe

;
ð3Þ

δℓ

r
0

potential
reference wave
scattered wave

Fig. 1 | Photoionization phase-shift δℓ. When, on its way out of the molecule, the
photoelectron experiences an additional attractive short-range potential in addition to
thecentralCoulombfield, itswave functionwill appear “compressed'', implyingapositive
phase-shift compared to a reference wave function that is not affected by this potential.
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where ri denotes the position and spin coordinates of electron i; brNe
are the

angular coordinates of electron Ne; ζNe
is the spin component of electron

Ne, ϒβ is the electronic wave function of the remaining (N − 1) electrons
coupled to the spin and angularmomentumof the continuum electron,NβE

is a normalization factor that ensures the correct asymptotic behavior, and
u�β;αEðrÞ is the radial function that describes the continuum electron, which
is asymptotically given by

u�β;αEðrÞ ¼ δαβ

ffiffiffiffiffiffiffi
2
πkα

s
eiΘαðrÞ �

ffiffiffiffiffiffiffi
2
πkβ

s
e�iΘβðrÞS�βα; ð4Þ

with

ΘαðrÞ ¼ kαr þ
Z
kα

ln ð2kαrÞ � ‘απ=2þ σ‘α ðkαÞ; ð5Þ

where Sαβ is the on-shell scatteringmatrix5,Z is again the parent-ion charge,
kα the absolute value of the momentum of the continuum electron in the α
channel, and σ‘α its Coulomb phase. Thus, the scatteringwave functionΨ�

αE
behaves asymptotically as a combination of incoming spherical waves for all
open channels (α, β, and γ in Fig. 2) and an outgoing spherical wave in
channel α corresponding to an outgoing flux of 1.

At variance with calculations of bound states, scattering and photo-
ionization problems require solving the Schrödinger equation for the
unknown scattering phases (or amplitudes) at a fixed kinetic energy of the
unbound electron. A number of specialized theoretical methods have been
developed to solve the time-independent Schrödinger equation by imposing
the proper boundary conditions. These include the R-matrix, Schwinger and
complex Kohn variational methods, the Exterior Complex Scaling (ECS)
method, and many others9. They obtain the complex-valued solutions
obeying the above incoming-wave boundary conditions appropriate for
photoionization problems, outgoing-wave boundary conditions for scatter-
ing problems or real-valued standing wave boundary conditions. Obtaining
one of the three solutions is sufficient to obtain the other ones by a simple
basis transformation. When the continuum state is obtained, it can be used
to evaluate, for example, amplitudes for weak-field 1-photon ionization by
computing the dipole matrix elements di;αðEÞ ¼ E0hΨiju � bDjΨ�

α;Ei, wherebD is the dipole operator, the monochromatic field with frequency ω is

represented by the electric field amplitude E0u and E = Ei + ℏω, see the
“General methodologies” Section.

As we will see in “Time-dependent Schrödinger equation (TDSE)
methods" subsection in “General methodologies”, to describe the interac-
tionof a short pulsewith amolecule, veryoften it ismore convenient to solve
the time-dependent Schrödinger equation. In this case, the photoelectron is
represented by a wave packet containing components that will eventually
travel away from the molecule to infinity. Representing such an escaping
wavepacketusually requires a very large simulationdomain (representedby
a finite difference grid or numerical functions such as B-splines) and/or the
use of absorbing boundary conditions, exterior complex scaling9 or other
approaches such as tSurff 10.

Spherical vs. point group symmetry
In atomic, spherically symmetric, systems the electronic Hamiltonian
commutes with arbitrary rotation operators. Hence, the eigenstates of the
Hamiltonian can be partitioned into subspaces classified by angular
momentum quantum numbers. In other words, the total electronic angular
momentum quantum number, L, and the total magnetic angular momen-
tumquantumnumber,ML, are goodquantumnumbers. Inmolecules, there
are generally only a finite number of symmetry operators, comprising dis-
crete rotations and reflections as well as inversion, that commute with the
molecular Hamiltonian. These operators form a point group. The finite
number of combinations of quantum numbers associated with them
(characters of the point group) then leads to a finite number of subspaces
(irreducible representations)11. The total electronic angular momentum is
not a good quantum number for molecules (although the projection ofML

along the internuclear axis is a good quantumnumber for linearmolecules).
However, everymolecular state will belong to an irreducible representation.

The discrete molecular symmetries, similarly to spherical symmetry,
may lead to selection rules12,13. In one-photon ionization, the photoioniza-
tion amplitude Afi � hΨijVjΨ�

α;Ei from the initial state Ψi to the final state
Ψ�

α;E—being a scalar—is non-zero only when the combined symmetry of
Ψi; Ψ

�
α;E and the potential V (V ¼ u � bD in the dipole approximation)

belongs to the totally symmetric irreducible representation, i.e., the repre-
sentation inwhich application of any of the symmetry operators of the point
group has no effect. In the case of atoms this translates into clear selection
rules forL: only stateswith specific values ofLwill bepopulated.However, in
molecular systems, the selection rules do not impose very strict constraints
on angular momentum: they affect the irreducible representation the final
state belongs to, but this can be associated tomany angular momenta of the
photoelectron. As a result, even simple absorption of a single polarized
photon by a molecule will populate many angular momentum states of the
photoelectron, reflecting the complicated shape of the molecular orbital
from where the electron was ejected14.

Experiments are often performed on randomly oriented molecules
in the gas phase, which requires averaging of the calculated quantities
over orientations. This can be done analytically from transition ampli-
tudes calculated for three different orientations, in both time-
independent and time-dependent cases when the laser-molecule inter-
action is perturbative (see, e.g., ref. 15 for a particular application), but
elsewhere, typically in time-dependent calculations for molecules in
strong fields, it requires several separate calculations at selected orien-
tations because the distortion of the molecular potential by the external
field also depends on orientation.

Short vs. long wavelengths and low vs. high intensities
At wavelengths in the XUV or shorter and low field intensities, the domi-
nant ionization process is one-photon absorption, which can easily be
describedwithin first-order perturbation theory. As the intensity of the field
rises, the molecule can absorb several photons. This is strictly necessary for
ionizationwhen IRwavelengths are used (multi-photon ionization). In fact,
for high enough intensity, the electron can absorbmore photons than those
required to overcome the ionization potential of the molecule, Ip, in a
process called above-threshold ionization (ATI), whichhas played a key role

Fig. 2 | Scattering boundary conditions. The S-matrix element S�βα describes the
probability amplitude for transition of the system from the channel β into the
channel α induced by the non-spherical field of the molecule in the absence of an
external field. The equipotential surface of a highly non-spherical molecule is shown
in the middle. Probabilities associated with the channel αmust sum up to 1. In weak
fields, the external field (represented as a wave packet) is accounted for perturba-
tively by a dipolematrix element between the field-free scattering state and the initial
bound state.
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in the development of strong-field physics16. More complex processes can
occur in which the photoelectron not only absorbs but also emits photons.
As long as the number of absorbed and emitted photons is reasonably small,
the picture of individual absorptions and emissions is meaningful and
perturbation theory, treating the field as a perturbation, is a practical
computational tool.

An electronmoving under the influence of an even stronger oscillating
laser field follows a drifting oscillatory trajectory (quiver motion). The
amplitude of that motion grows linearly with the field strength and quad-
raticallywith thewavelength. As a result, thewave function can grow to very
large sizes during a pulse that lasts just a few field oscillations. For example,
at a moderate laser intensity of 1014 W/cm2 and wavelength 800 nm, the
wave function expands to radii greater than 50 Bohr during a single oscil-
lation of the field, and expands to hundreds of Bohr during subsequent
cycles. The energy acquired during those oscillations is givenby the so called
ponderomotive potential Up.

Apart from intensity, the laser photon energy ℏω crucially determines
whether an interactionmust be considered strong-field or not. For example,
at photon energies of ~100 eV, typically found at a free-electron laser, even
intensities of 1016 W/cm2 can be treated in first-order perturbation theory,
while the same intensity at near-infrared wavelengths around 800 nm
(~1.5 eV) causes complete obliteration of the valence electron structure. The
frontier between the weak and strong-field regimes is approximately

described by the Keldysh parameter17, γ ¼
ffiffiffiffiffiffi
IP
2UP

q
, which combines the

molecule’s ionization potential Ip with the field wavelength and intensity
through UP (see Fig. 3). When γ ≫ 1, the laser-molecule interaction is
reasonably described by perturbation theory (single- and multi-photon
ionization), while when γ~ 1 or≪1 one enters the strong field regime and a
completely different picture must be adopted.

We can reach an extreme case when the photoelectron dynamics is
completely dominated by the field. Then we can ignore the effect of the
molecular field on the photoelectron and instead replace the photoelectron
wave function with a modified plane wave called Volkov function5

describing themotion of a free electron in the external field. In length gauge
and in dipole approximation (see the “General methodologies" section)16, it
is given by the expression

Φðr; t; t0Þ ¼ 1
2π3=2

exp½iSV ðp; t; t0Þ� exp½iðpþ AðtÞÞ � r�; ð6Þ

SV ðp; t; t0Þ ¼
1
2

Z t

t0
dτ½pþ AðτÞ�2; ð7Þ

where SV is theVolkov action and t0 and t are the starting and current times
of the laser pulse, respectively. The instantaneous electron momentum is
now determined by the vector potential AðtÞ ¼ �R tEðt0Þdt0, where E(t) is
the electric field.

Perturbation theory can still be used in this extreme case, but in a sense
reversed from the weak field case: now the molecular field is a perturbation
to the strong field of the laser. This is the essence of the Strong Field
Approximation (SFA), which is frequently employed in semi-classical
models of strong-field phenomena including High Harmonic Generation
(HHG)18. The division between the weak (perturbative) and the SFA
regimes is not sharp and inmany practical situations both types of processes
contribute, which is why it is often necessary to use ab initio methods to
solve the actual time-dependent dynamics of themulti-electronmolecule in
the external field.

Fixed vs. moving nuclei
The wave function describing a molecular state Ψ of a non-rotating mole-
cule in the center of mass frame depends both on the 3n electronic (r) and
3NA nuclear vibrational coordinates (R), where n is the number of electrons
andNA = 3N− 6 (3N− 5 for linearmolecules) withN being the number of
atomic nuclei. In a non-relativistic approach, it is the eigenfunction of a
HamiltonianHðr;RÞ that is usually decomposed as a sum of an electronic
HamiltonianHel , which contains the electron kinetic energy operators, the
electron-nuclei, electron-electron and the nucleus-nucleus Coulomb
interactions, and a nuclear Hamiltonian HN , which contains the nuclear
kinetic energy operators19:

Helðr;RÞ þHN ðRÞ
� �

Ψðr;RÞ ¼ EΨðr;RÞ: ð8Þ

Except for the simplestHþ
2 molecule, this equation cannot be solved exactly

in full dimensionality. Since inmany cases electronic motion is much faster
than nuclear motion, one usually relies on the Born–Oppenheimer (BO)
approximation in which one assumes that themolecular wave function can
be written as the product of an electronic wave function ψel(r; R), which
parametrically depends on the nuclear coordinates and satisfies the

Fig. 3 | Partition of the laser parameter space into
the weak- and strong-field domains. The back-
ground color indicates the value of the Keldysh
parameter17, γ ¼

ffiffiffiffiffiffi
IP
2UP

q
, for a Hydrogen atom

(ionization potential of IP = 0.5 a.u.). The tunneling
regime is achieved for γ < 1, while for γ ≫ 1 the
regime is perturbative (multi-photon), and over-
barrier ionization (i.e. barrier suppression) occurs
for γ ≪ 1. The vertical green line indicates an esti-
mated upper limit of the dipole approximation. The
dashed and dotted curves indicate alternative lower
limits of the dipole approximation. The zf = 1 a.u.
indicates the relativistic limit (UP ¼ 1

2mc2). The
KE = 0.5 a.u. indicates the limit imposed by the
radiation pressure. The β0 = 1 a.u. line indicates the
limit imposed by the displacement in the field pro-
pagation direction caused by the magnetic field. The
black arrows point out the commonly used Ti:sapph
and CO2 lasers photon energy. Note that the dis-
tinction between strong and weak fields is system-
dependent and it is sensitive to the description of the
electric field as plane wave vs. as a quasistatic field73.
Figure modified from ref. 73.
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eigenvalue equation

Helðr;RÞψelðr;RÞ ¼ EelðRÞψelðr;RÞ; ð9Þ

and a nuclear wave function that satisfies

HN ðRÞχðRÞ ¼ EχðRÞ; ð10Þ

so that

Ψðr;RÞ ¼ ψelðr;RÞχðRÞ: ð11Þ

Thus, in the BO approximation one has to solve the electronic Schrödinger
equation (9) in a dense grid of R coordinates and, from the resulting Eel(R)
eigenvalues, which depend parametrically onR and represent the potentials
felt by the nuclei (and are included inHN ), obtain the nuclear wave func-
tions and the eigenvaluesE associatedwith the energy levels of themolecule.
Therefore, in this scheme, the nuclei move in a sort of mean field created by
the electrons in their rapid motion. In the case of ionization, this can be a
reasonable approximation when the kinetic energy of the ejected electron is
not too low, i.e., when ionization occurs far enough from the ionization
threshold or does not proceed from the slow decay of autoionizing reso-
nances. Still, obtaining the electronic continuum states in a dense grid of R
coordinates from Eq. (9) can be a major computational challenge for most
molecules, except for diatomics. So, a usual additional approach consists in
disregarding the parametric dependence on R and solving Eq. (9) for the
equilibrium geometry Req only, leading to the so-called fixed-nuclei
approximation (FNA):

Helðr;ReqÞψelðr;ReqÞ ¼ EelðReqÞψelðr;ReqÞ: ð12Þ

This is by far themostwidely used approximation in describingmolecular
ionization. In general, it provides reasonable descriptions of total pho-
toionization spectra as a function of photon energy in those regionswhere
the BO approximation is expected to work. However, it has important
limitations. In high energy-resolution experiments, measured photoelec-
tron spectra at a given photon energy exhibit vibrational progressions that
cannot be accounted for by the FNA. Nevertheless, when the relevant
ionization dynamics occur in a narrow region around the equilibrium
geometry, one can assume thatψelwill not be toodependent onR and then
use this wave function for all R. For electronic continuum states,
EelðRÞ ¼ Eþ

el ðRÞ þ ϵ, where Eþ
el is the potential energy surface of the

remaining cation (see Fig. 4) and ϵ is the kinetic energy of the ionized
electron, which does not depend onR. Hence, solving Eq. (10) to obtain E
and χ(R) only requires knowledge of the potential energy surface of the
bound electronic state of the cation, which can be readily obtained by
using standard quantum chemistry approaches. The resulting wave
function can then be written:

Ψðr;RÞ ¼ ψelðr;ReqÞχðRÞ; ð13Þ

which is the Franck-Condon (FC) approximation. This has been widely
used to evaluate vibrationally resolvedphotoelectron spectra in those energy
regions where the BO approximation works. When the conditions for the
validity of the latter arenot fulfilled, onehas to look formethods that are able
to handle the original eigenvalue equation (8). This will be discussed in the
“Coupled electronic and nuclear motion" section.

Electronic continuum in molecules
Basis sets or numerical approaches
The computational description of electronic bound states of molecules is
usually based on the use of Gaussian-type orbitals (GTOs):

Gα;l;mðrÞ ¼ NGTO
α;l rlXl;mðbrÞ exp½�αr2�; ð14Þ

where Xl;mðbrÞ is a real spherical harmonic, as the basis functions for the
expansion of the single-particle orbitals. The use of GTOs has clear
numerical advantages:most of the integrals that are neededcanbe evaluated
quickly and accurately in closed form. For this reason, a wide range of GTO
basis sets with different characteristics are readily available20,21. Although
GTOs do not have the correct behavior near the nuclei, they can provide an
excellent description of bound electrons in molecules.

The situation is more complicated when describing an unbound
electron. The functions describing an electron in the continuum are
required to cover a much larger spatial domain and have, in general, sig-
nificantly more nodes than the functions describing bound electrons; cf.
Fig. 5. Molecules introduce an additional complication. When dealing with
atoms, the basis functions, both bound and continuum, are centered on the
nucleus of the atom. In the case ofmolecules, the boundbasis sets are usually
multicentric as this ensures a better description of the orbitals (single-center
basis can still be used and can provide a reasonable description for diatomic
molecules22). When combined with the continuum basis, this can lead to
issues of over-completeness and linear dependence and usually requires the
implementation of orthogonalization procedures in the software employed.

To avoid this problem, a number of approaches have been imple-
mented and used to describe the electronic continuum. These include use of
numerical Bessel and Coulomb functions, particularly for linear targets,
specially designed GTO basis sets23–25, complex GTOs26, B-splines22,27,
combinations of (real) GTOs and B-splines28–30, discrete variable
representations31, etc. B-spline orbitals (BTOs)

Bi;l;mðrÞ ¼ Ni
BiðrÞ
r

Xl;mðbrÞ ð15Þ

are built as the product of a B-spline function of the radial coordinate
(piecewise polynomial with compact support) and a (real) spherical
harmonic. When GTOs are used, alone or in combination with other
functions, the number and exponents of the Gaussians for each angular
momentum need to be selected. The UKRmol+ suite, for example, makes
use of GTOs fitted to Bessel or Coulomb functions24,32: the fit is performed
for a specific radial range and a maximum kinetic energy of the continuum

Fig. 4 | Potential energy curves of the N2 and Nþ
2 molecules as a function of the

internuclear distance.The black dotted curve corresponds to the ground state ofN2,
while the dark blue, light blue and cyan curves correspond to the first (X2Σþ

g ), second
(A2Πu) and third (B2Σþ

u ) states of N
þ
2 , respectively. The gray areas indicate the

electronic continua associated to each ionic state and the horizontal lines show the
lowest vibrational levels of each parent ion. The filled magenta area shows the ν = 0
vibrational wavepacket of the ground state, which determines the Franck-Condon
region (pink area) around the equilibrium internuclear distance, Req, indicated by
the magenta dashed line. The horizontal arrows point out the photon energy of the
harmonics 11 and 13 generated from a typical 800 nm driving wavelength during
HHG, as a reference.
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electron. In the XChem package33, the exponents follow a geometrical
sequence. Other approaches have been proposed (see ref. 34 for an
evaluation of how some of these perform when modeling high-harmonic
generation spectra). Building a B-spline basis set is more straightforward
and is done by choosing the order and number of the polynomials, and the
radial and angular momentum ranges to be covered. Following a similar
spirit, the continuum can also be described using a finite element discrete
variable representation31 (FE-DVR, e.g. in the tRecXpackage35) for the radial
coordinate and spherical harmonics for the angular coordinate or other
grid-based finite difference approaches (e.g. the RMT package36). The
constructionof basis sets tomodelmolecules in strongfields remains anarea
of active research37,38.

The angular momentum range to cover depends on the (non-)sym-
metry of the molecule, as discussed above, as well as on the range of kinetic
energies of the ionized electron and also on the method used. In the time-
independent picture, the number of angular momenta accessible by pho-
toionization, though infinite in principle, is in practice limited to a finite
range, as the ionization probability becomes very small for very large values
of the angular momentum (see Fig. 6). In time-dependent simulations,
though, the need to model the instantaneous effect of the field on the
photoelectron wave packet generally requires significantly larger angular
momentumexpansions, in particular, when strong laser pulses are involved.
This becomes even more important with increasing intensity of the field.

In contrast to the one-particle continuum, description of the double
continuum—simultaneous photoemission of two electrons—is much less
developed. Most successful approaches rely on the exterior complex scaling
method39, which has been shown to provide very accurate results in dia-
tomic molecules, even for properties fully differential in the momentum of
each of the ejected electrons40. At the same time, for highly correlated sys-
tems, inclusion of coupling to the double electron continuum may be
important andmay affect ionization observables in some channels. In state-
of-the-art methods, the double continuum is either included directly for
small, two-electron systems, or simulated by inclusion of many positive-
energy pseudostates for more complex targets.

Integral evaluation problem
To determine observables one needs to calculate the electronic wave func-
tion of the system. This is done by solving the time-independent (Eq. (9)) or
time-dependent Schrödinger equations. The interactions of electrons with
nuclei, with the external field and with each other are described by matrix

elements of the molecular Hamiltonian between configuration state func-
tions (CSFs), i.e., multi-electronic functions built from molecular orbitals.
These matrix elements are then reduced, bymeans of Slater rules41, to sums
of integrals over the underlying 1-electron GTOs and/or numerical func-
tions. The most difficult ones to evaluate are the Coulombic electron-
electron repulsion (also called two-electron) integrals. Theyhave the formof
a 6-dimensional integral over all space

ðabjcdÞ ¼
Z

d3r1

Z
d3r2

aðr1Þbðr1Þcðr2Þdðr2Þ
jr1 � r2j

; ð16Þ

where each of a, b, c, d stands for either a GTO or a numerical orbital. As
mentioned above, GTOs are usually located in different atomic centers.
When all orbitals areGTOs, the integrals can be evaluated analytically using
fast and numerically stable algorithms developed since the 1950s42. How-
ever, if oneof the functions is anorbital basedonanumerical function (e.g., a
B-spline) either analyticmethods cannot be used at all (when the numerical
functions and the GTOs are in different centers) or only in a very limited
form (when all of them are in the same center). While each individual
integral can be evaluated in a reasonable time purely numerically, the total
number of required integrals scales as n4o, where no is the number of orbitals
in the basis. In practice, this leads to the challenge of evaluating hundreds of
millions to billions of such integrals, depending on the size of the systemand
the energy of the photoelectron (the higher the energy the more basis
functions are needed). Therefore, highly sophisticated and optimized inte-
gral evaluation algorithms had to be developed. In atomic physics,
numerical functions have been used since 1970s, since single-center atomic
integrals are much simpler and reduce to a finite sum of 2-dimensional
radial quadratures.

The multi-center nature of the molecular integrals had for a long time
prevented a detailed study ofmulti-electron processes inmolecular ultrafast
physics. Instead, simpler 1-electronmodels were used, which do not require
evaluation of 2-electron integrals. Over time a number of different
approaches have been developed to tackle the two-electron integral pro-
blem. This includes the Legendre expansion approach28,33, solving the
equivalent Poisson equation43 or grid-based methods3,35. All these approa-
ches optimize the set-up of the numerical basis to minimize the number of
difficult 2-electron integrals involving numerical functions, and require
significant computational resources.

General methodologies
In most common applications, the treatment of the interaction with the
external field involves several approximations. First, the external field is
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Fig. 6 | Partial-wave cross sections. Angular momentum contributions σℓ to the
total photoionization cross section σ for several targets with decreasing symmetry.
Calculations performed using UKRmol+ for single-channel photoionization from
the highest occupied molecular orbital (HOMO, pictured) at the Hartree–Fock level
for a photoelectron energy Ek = 50 eV.
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Fig. 5 | Radial basis functions. The representation of continuum wave functions
(yellow line in panel b) requires an extensive radial basis, for example, (panel a) a
combination of GTOs (red lines in both panels) and B-splines (BTOs, blue lines).
The GTO part on its own cannot reproduce distant nodes of the continuum wave
function (yellow line) accurately as shown in panel (b). Only the radial part of the
wave function is shown.
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treated classically (while the molecule is described in a quantum manner).
Second, the magnetic component of the field is neglected (as its interaction
with the molecule is much weaker than that of the electric field). Third, the
electricfield is assumednot to vary spatially,E(r, t)≈E(t),which is knownas
thedipole approximation (valid as long as itswavelength ismuch larger than
the size of themolecule). Under these approximations, the interaction of the
system with the external laser field is described as V(r, t) = eE(t) ⋅ r (length
gauge) or Vðr; tÞ ¼ e

mAðtÞ � p (velocity gauge). To specify the field pulse,
one can choose the vector potential AðtÞ ¼ �uE0FðtÞ sinðωt þ ϕÞ=ω and
obtain E(t) by time-derivation, see Section “Short vs. long wavelengths and
low vs. high intensities”. This excludes any unphysical zero-frequency
component from E(t). E0,ω and ϕ are the field’s amplitude, frequency and
phase, respectively, and the unit vector u is the polarization direction. For
the pulse envelope F(t) one typically chooses Gaussian, trapezoidal, or sine-
like functions.

Perturbation methods
If the intensity of the applied field is low enough, V(r, t) can be treated as a
small perturbation of the field-free HamiltonianH0ðr;RÞ, allowing a fairly
accurate description of the problembymeans of perturbation theory, either
time-dependent or time-independent44. Photoionization (photodetach-
ment in the case of an anion) is often modeled in the first order of pertur-
bation theory, as a one-photon process, giving time-independent ionization
amplitudes as transitionmatrix elements ofV(r, t) between the initial bound
state and the final continuum state with the correct boundary condition1,4.
Multi-color interference experiments, as for instance the reconstruction of
attosecond beating by interference of two-photon transitions, have been
successfully modeled using second-order perturbation theory15 and also
generalized to higher orders. At weak fields, the yield from ionization by
absorption of a higher number of photons decreases exponentially.
Enhancement of the yield requires increasing the intensity, which then
naturally leads out of the perturbation regime and into the strong-field
domain discussed below.

Time-dependent Schrödinger equation (TDSE) methods
The TDSE provides the quantum mechanical description of the temporal
evolution of a quantum system.When the external electric field is weak and
the numberof absorbed photons ismore thanone, themost straightforward
procedure to solve this equation is to expand the wave function in a large
enough basis of molecular states (see the “Coupled electronic and nuclear
motion" section). In contrast, for stronger fields, since the interaction is
governed by the instantaneous value of the electric field, expansion on other
basis function may be more convenient. The general expression of the
TDSE is:

i
∂Ψðr;R; tÞ

∂t
¼ Hðr;R; tÞΨðr;R; tÞ; ð17Þ

where Ψ(r, R, t) is the time-dependent wave function and Hðr;R; tÞ ¼
H0ðr;RÞ þ Vðr; tÞ is the total Hamiltonian operator. To solve the TDSE,
the partial differential Eq. (17) is transformed into a set of ordinary
differential equations by representing the wave function by a set of
coefficients in the chosen basis, FE-DVR, Gaussians, B-splines, molecular
states represented in a basis of those functions (spectral method, see the
“Coupled electronic and nuclearmotion" section), etc. Then, the solution of
the TDSE can be obtained through different numericalmethods, such as the
Split-Operator or other more general integration methods for differential
equations (Finite-Difference Time-Domain Method, Crank-Nicholson,
Runge-Kutta, etc), which discretize the time variable and compute the wave
function of the system at each time step. In the following, we will briefly
explain the Split-Operator procedure. The temporal evolution of the
system’s wave function at each time step can be described as

Ψðr;R; t þ dtÞ ¼ UðtÞΨðr;R; tÞ; ð18Þ

where UðtÞ ¼ e�iHdt is the time evolution propagator. The Split-Operator
method considers this propagator as separable into a potential and a kinetic

termUðtÞ ¼ e�iðbTþbVðtÞÞdt. This exponential is not separable into the product
of two exponentials (since bT and bV do not commute), but a reasonable

approximation is to split it symmetrically as UðtÞ ¼ e�ibVðtÞdt2 e�ibTdte�ibVðtÞdt2
(second-order Trotter–Suzuki decomposition). As bV is diagonal in position

space and bT is diagonal inmomentumspace, usingFast-FourierTransforms
to switch between spaces allows one to solve Eq. (18) as pointwise
multiplications, in its simplest form in Cartesian coordinates (or “1D").
After solving the TDSE, the computed wave function evolution can be used
to obtain the different desired observables by projecting onto appropriate
eigenstates of the field-free Hamiltonian.

Methods for strong laser fields
Beyond perturbation theory. When the laser field is strong, it can sig-
nificantly disturb the electronic structure of the molecule, rendering
perturbation theory ineffective or invalid45. Typical effects in strong fields
are strong polarization, substantial ionization, and a highly non-linear
dipole response leading to the generation of high harmonic radiation. In
the strong field regime, the energy structure of the valence-shell electrons
is increasingly dominated by the field’s electric forces, with a large
number of excited bound states and continuum states participating in the
dynamics, up to the point where the original field-free electronic struc-
ture becomes nearly irrelevant, as for SFA (see Section “Short vs. long
wavelengths and low vs. high intensities”). In molecules, where, in gen-
eral, excitation energies are lower and the structure is more complex, the
threshold for strong-field phenomena is typically lower than in atoms.

In single- and multi-photon ionization, where perturbation theory
applies, the ionization rates, i.e., the ionization probabilities per unit time,
are proportional to powers of the intensity, In, where n is the number of
absorbed photons.When one reaches the regime of tunnel-ionization, rates
increase with field strength, E ¼ ffiffiffiffiffi

2I
p

, as

ΓK � exp �2
ð2IpÞ3=2
3E

 !
; ð19Þ

where the ionizationpotential Ip sets the typical energy scale of themolecule.
A signature of strongfields is polarization leading to significant distortion of
the wave function. Even when distortion is adiabatic and the system largely
returns to the initial state after the pulse, a great number of intermediate
virtual states, including continuum states, can be involved, and the binding
potential felt by electrons may be temporarily lowered. In this situation, an
expansion into bound electronic states alone is insufficient, and oneneeds to
include intermediate electronic continuum states.

With strong fields, the distinction between length and velocity gauge
becomes important: while both descriptions are mathematically equivalent
in exact calculations and are closely related in lowest-order perturbation
theory, they have very different properties in the general case. One reason is
technical: unbound electrons have much smoother wave functions in
velocity gauge, which can be more easily approximated by numerical
functions. Theother reason is that gauge affects themeaningof approximate
models: the transition from length to velocity gauge amounts to a boost in
momentum space. In strong fields and velocity gauge, the original field-free
wave function does not represent the actual field-free state. Therefore, if
bound states carry the essenceof amodel, oneneeds towork in length gauge.
If the process is dominated by the motion of continuum electrons, velocity
gauge or a mixed-gauge approach is preferable46.

Computing rates andspectra from theTDSE.With strong fields, semi-
classical or even classical models can provide important insight. How-
ever, when specific properties of a molecule are important or when
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quantitative results are needed, solving the TDSE is the only resort. One
needs to represent the system in a basis that accounts for the essential
molecular structure and that can accommodate the strong-field aspects of
electronic motion. Once an accurate solution for the time-dependent
wave functionΨ(t) (we have omitted the dependence on the coordinates
(r, R) for simplicity) is obtained, one needs to extract experimentally
relevant observables. These are, in sequence of increasing complexity,
ionization yields, the harmonic yield, single-electron emission and
multiple-electron emission.

The total ionization yield is obtained from the time-dependent electron
density ρ(r, t) as

lim
rmax!1

lim
t!1

Z
r < rmax

d3rρðr; tÞ: ð20Þ

In practice, rmax can be limited to the size of the most diffuse molecular
orbitals. In the absence of long-lived states, t can be constrained to the scale
of the pulse duration, allowing some time for the low-energy electrons to
leave the volume ∣r∣ < rmax. The approach will miss contributions from the
decay of long-lived resonances, as one needs t≫ 1/Γ for resonance width Γ
to account for their contribution. In that case, alternative methods will be
needed that are described below.

Harmonic radiation occurs when the acceleration of the system’s
dipole d(t)

d2

dt2
dðtÞ ¼ d2hΨðtÞjrjΨðtÞi

dt2
¼ dhΨðtÞj½iHðtÞ; r�jΨðtÞi

dt
ð21Þ

becomes non-linear. The first expression ("length form” of the dipole)
emphasizes contributions from large r and therefore usually performsworse
than the second, so-called “velocity form”. It is important to be aware that,
while the harmonic response is qualitatively a single-electron effect, for
quantitatively correct high-harmonic spectra, multi-electron effects, and
exchange effects, must be included.

Photoelectron spectra, just as ionization yields, are obtained from the
asymptotic behavior of Ψ(T) at times T after the pulse has passed. If, in
addition to Ψ(T), one knows the scattering solutions in momentum space,
e.g. the Volkov solutions Φp, Eq. (6), the spectral amplitude for emission
with momentum p is given by bp = 〈Φp∣Ψ(T)〉33. If Ψ(T) becomes too
extended, one can resort to recording outgoing flux at some distance rmax

from themolecule (typically rmax≲ 50 Bohr) and discardΨ(t) beyond rmax.
Care has to be taken for the fact that the dipole interaction of the laser has
infinite range, and all momenta will bemodified as long as a field is present.
This is achieved by the method described in ref. 10, where the flux is picked
up at some radius outside the reach of the molecular potential.

Finally, a few comments pertinent to solving the TDSE in cases where
long-lived resonances and electron correlation effects play an important
role. In the case of long-lived resonances, one can replace the time inte-
gration after the end of the pulse with a more practical approach. For any T
after the end of the pulse, one can use a closed-form expression for the
remaining contribution to the spectrum that involves applying the Green’s
function to the wave function at the end of the pulse:
½H � p2=2� iϵ��1ΨðTÞ47. Electron correlation manifests itself in the high
sensitivity of ionization to the ionization threshold Ip, as can be seen, for
example, in the tunnel formula (Eq. (19)). Both initial (neutral) and ionic
state energies enter Ip. In the presence of a non-perturbativefield, the energy
shifts due to polarization further change Ip. For the ions, the combined
polarization by the laser field and Coulomb force of the emitted electron
creates a significant multi-electron effect48. It is also important to mention
that, in the present context, exchange can also have an impact on the
emission patterns: without including exchange, even seemingly simple
observables such as the dependence of photoemission yields on laser
polarization are incorrect48.

Coupled electronic and nuclear motion
In this section, we will explore the methods going beyond the Born-
Oppenheimer approximation, which are imperative for interactions in
which the electronic andnuclearmotion are strongly coupled (such as in the
presence of autoionizing Feshbach resonances). The general expression of
the TDSE, introduced in the “Time-dependent Schrödinger equation
(TDSE) methods" subsection in “General methodologies”, couples elec-
tronic and nuclear motions. Solving the TDSE in a grid is computationally
very demanding, and becomes unfeasible for medium-to-large molecules.
To overcome this obstacle, one can resort to the spectral method4. For this,
one must first obtain the solutions of the time-independent Schrödinger
equation, see Eq. (8), and then write the time-dependent molecular wave
function as a superposition of the time-independent eigenstates:

Ψðr;R; tÞ ¼
X
b

cbðtÞe�iEbtΨbðr;RÞ þ
X
c

ccðtÞe�iEctΨcðr;RÞ; ð22Þ

where Ψb(r, R) and Ψc(r, R) are the bound and continuum states of the
molecule, respectively, and Eb and Ec are their corresponding energies. To
find the unknown time-dependent coefficients ci(t), onemust substitute Eq.
(22) into (17), which is reduced to the following system of coupled
differential equations:

i
∂

∂t

cb
cc

� �
¼ Vb0

b ðtÞVc0
b ðtÞ

Vb0
c ðtÞVc0

c ðtÞ

 !
cb0

cc0

� �
; ð23Þ

where every element in the coupling matrix is a matrix block involving
bound-bound or continuum-continuum couplings (diagonal blocks) or
bound-continuum couplings (off-diagonal blocks). As mentioned above,
this systemof equations can be solved through standardnumericalmethods
(Runge-Kutta, Crank-Nicholson, etc.).

The molecular eigenstates Ψi(R, r) in Eq. (22) are usually written as
products of electronic and nuclear wave functions as given by Eq. (11). This
means that the time-dependent wave function is expanded in a basis of
Born-Oppenheimer states, which results in the appearance of off-diagonal
non-adiabatic couplings (i.e., couplings between electronic and nuclear
motion) in addition to the off-diagonal couplings induced by the external
field in Eq. (23). Alternatively, non-adiabatic couplings can be ignored by
transforming the basis of adiabatic states into a set of diabatic states49, which
requires evaluating and introducing off-diagonal Hamiltonian couplings in
Eq. (23). Another option is to resort to the Born-Huang approach50, by
expanding the time-dependent wave function in a basis of time-
independent electronic states multiplied by time-dependent nuclear wave
functions:

Ψðr;R; tÞ ¼
X
b

ψel
b ðr;RÞχbðR; tÞ þ

X
c

ψel
c ðr;RÞχcðR; tÞ: ð24Þ

In this case, the unknowns are the time-dependent nuclear wave functions
χi(R, t), which are the solutions of a system of coupled differential equations
containing, as in the previous case, diagonal and off-diagonal coupling
matrix elements. The main difference with the spectral method is that
integration of the system of differential equations must now be performed
over both nuclear coordinates R and time t instead of only time. In either
approach, one accounts for the non-adiabatic coupling terms arising from
the derivatives of the electronic molecular eigenstates with respect to the
position of the nuclei, due to the presence of the � ℏ2

2M∇2
R nuclear kinetic

energy operator.
For polyatomicmolecules, a full quantum treatment for both electrons

and nuclei considering the ionizing electromagnetic field during the time-
propagation becomes prohibitively expensive. Still such a treatment is
possible inmedium-sizemolecules if one knows the coherent superposition
of electronic states induced by the ionizing pulse and the TDSE is integrated
starting just at the end of the ionizing pulse. In thismore restricted scenario,
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the multi-configuration time-dependent Hartree (MCTDH) method has
been shown to be a very efficient computational approach51,52. For large
molecules, onehas to relyon semiclassical approaches inwhich the electrons
are treated quantum mechanically and the nuclei follow classical trajec-
tories. In practice, this implies replacing the nuclear wave functions in Eqs.
(22) and (24) by a set of classical trajectoriesR(t) starting fromadistribution
of initial molecular geometries that mimic the initial nuclear wave function
at t = 0:

Ψðr;RðtÞ; tÞ ¼
X
b

cbðtÞψel
b ðr;RðtÞÞ þ

X
c

ccðtÞψel
c ðr;RðtÞÞ: ð25Þ

In most applications of semiclassical approaches, transitions between dif-
ferent electronic states due to non-adiabatic couplings are accounted for
through a stochastic algorithm, as for example in the trajectory surface
hopping (TSH) method53 and further extensions of such methods54.

A sample of recent molecular ionization codes
Box 1 briefly outlines some of the available codes to describe the electronic
continuum of molecules and photoionization, namely XChem, UKRmol+,
Tiresia and tRecX-haCC. They constitute the core of those taught at the
“COST/ZCAM School on New Computational Methods for Attosecond
Molecular Processes". There are several other codes available, some of them
following a philosophy similar to that of the codes described below, as for
example, ePolyScat55, ASTRA56, those based on the Schwinger variational

principle57, etc. Readers interested in the latter codes are referred to the given
references.

In brief, XChem and UKRmol+ have the capability of using both
GTOs and B-spline basis sets to provide an accurate description of both the
innerand asymptotic regionsof the electronic continuumwave functions, as
well as of electron correlation by explicitly including couplings between all
open ionization channels. They basically differ in the way they impose the
appropriate scattering boundary conditions. Tiresia is a full B-spline code
that aims at describing largemolecular systems. It basically follows the same
philosophy, butmakes use of the static-exchange approximation to simplify
the computations, so that part of electron correlation is not accounted for.
Finally, tRecX-haCC has been especially designed to describe strong-field
ionization. It makes use of a numerical FE-DVR basis and of infinite range
exterior complex scaling to account for the appropriate boundary
conditions.

XChem, UKRmol+, and tRecX-haCC are installed on the AMOS
Gateway58, a user-friendly interface for academic use. All four codes inter-
face with well-established quantum chemistry packages to describe bound
electronic states, either viaMolden formatfiles59, asUKRmol+ andXChem,
or directly, as XChem (OpenMolcas60 and MOLPRO61), Tiresia (ADF62),
and tRecX-haCC (Columbus63). Although all of themprovide a description
of the electronic continuum of molecules, some of them may be more
suitable for specific applications than others. Table 1 provides a ranking of
the four codes according to the number of applications reported so far to
describe ionizationofmolecules of different sizeswith electromagneticfields

Box 1 | Some computational codes for the electronic continuumofmolecules

XChem
XChem29,33 is a solution for an all-electron ab initio calculation of the

electronic continuum of molecular systems. XChem combines the tools
of quantum chemistry (as implemented in OpenMolcas60) and scattering
theory to accurately account for electron correlation in the single-
ionization continuum of atoms, small and medium-size molecules.
XChem combines standard polycentric Gaussian basis functions with
B-spline functions to describe the short and long-range parts of the
continuumwave functions, respectively. These are connected by a large
even-tempered basis of monocentric Gaussian functions that avoids
numerical evaluation of expensive integrals involving both polycentric
Gaussians and B-splines. As a consequence, it keeps computational
cost at the same level as that required to evaluate bound states at the
same level of theory. The method is specially designed to accurately
represent molecular ionization where electron correlation plays an
important role, as e.g. in the vicinity of autoionizing resonances.

UKRmol+
TheUKRmol+28 suite can calculate stationary photoionization states,

which in turn may be used to evaluate photoionization amplitudes in the
first (or higher) order of perturbation theory. Similarly to XChem, the
single-center continuum basis may comprise Gaussians as well as B-
splines,bothpotentially overlappingwith thepolycentricmolecular basis.
The solution of the continuum states is performed in the R-matrix para-
digm by splitting the problem into an “inner” region, where the many-
electron problem is solved using quantum-chemical methods, and the
“outer” (or single-ionization) region, where one of the electrons is
assigned the role of the photoelectron andmoves in the central Coulomb
field of the residual ion. The R-matrix method is well suited for evaluation
of ionization amplitudes for densely spaced photoelectron kinetic energy
grids, where a significant part of the computation may be reused.

UKRmol+ also produces the time-independent molecular data required
for R-matrix with time65 calculations using RMT36.

Tiresia
Tiresia43 provides solutions of the electronic continuum wave func-

tions of complex polyatomic molecules within the static exchange
approximation by solving an effective one-particle Schrödinger equation
for the ejected electronwhile allowing for a full-electron description of the
remaining cation when necessary. The continuum wave function is
expanded in a localmulticentric basis set, with primitive functions built as
products of a radial B-spline and a real spherical harmonic. The wave
function of the remaining cation can be described at either density
functional theory (DFT) or configuration interaction (CI) levels. This pro-
vides a computationally efficient description of photoionization proper-
ties of complex systems, both in the weak and strong field regimes.

tRecX-haCC
The tRecX-haCC10 code is a general TDSE solver. It has mostly been

used for strong-field problems like two-electron emission from Helium
and single-electron electron emission from molecules at high intensities
and wavelengths up to 800 nm. For molecules, it uses “hybrid anti-
symmetrized Coupled Channels” (haCC) basis. This combines CI states
for the neutral molecule and the ions, which account for electron corre-
lation on the field-free quantum chemistry level. The CI basis is aug-
mented by all molecular orbitals and a numerical FE-DVR basis for
describing polarization and broad continua that are particularly important
in strong fields. The code implements irECS (infinite range exterior
complex scaling) and the tSurff method described in Ref. 10, methods
that were specifically developed for strong field interactions.
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of different intensities and wavelengths, to accurately account for electron
correlation in the ionization process (in particular, Feshbach resonances), to
evaluate observables and spectra directly accessible in experiments, and to
perform time-dependent treatments without and with inclusion of nuclear
motion (eventually accounting for the coupling with electronic motion).
That a particular code has not beenwidely used in a particular category does
not mean that it is not appropriate for this task, but that it might be less
obvious to use or computationally more demanding than others. Also, as
pointed out in the caption of Table 1, for some specific tasks, some of these
codes require the use of accessory codes, which are usually accessible in local
servers. It is also important to highlight that among the four codes only
tRecX-haCC can provide a description of the double ionization continuum.

Outlook
In this tutorial, we have given a broad overview of the main concepts and
obstacles that make the description of photoionization in molecules much
more challenging than in atoms, and explained numerical and

computational solutions that successfully overcome the difficulties inherent
to any molecule, both in the weak and strong field regimes. Some of the
available computational codes, namely those employed in the “COST/
ZCAM School on NewComputational Methods for AttosecondMolecular
Processes"64 have been briefly described. These tools allow for a reasonably
accurate description of molecular ionization induced by current extreme
ultraviolet and X-ray attosecond and few-femtosecond pulses, as well as
much longer pulses, in different scenarios, and cover a wide range of
molecular sizes, from diatomics to medium-size and large polyatomics, at
different levels of approximation. They have played a crucial role in the
development of attosecond science, in particular attochemistry. For small
molecules, existing methods are able to take into account the interplay
between electronic and nuclear motions during and after the ionization
process in a full quantummechanical way. Ongoing efforts are focusing on
the implementation of semiclassical approaches in which nuclear motion is
treated classicallywhile preserving a full quantummechanical descriptionof
electronic motion. Such methods are the only ones that are affordable for

Table 1 | Capabilities of the XChem, UKRmol+, Tiresia and tRecX-haCC codes ranked from one to three stars

In the row labels, “medium”molecular size is considered 10–20 nuclei, “IR”wavelength refers to perturbative treatment ofmulti-photon processes at infraredwavelengths,MFPAD refers toMolecular
Frame Photoelectron Angular Distribution, (Q) and (C) in Nuclear motion refer to quantum and classical dynamics. Combinations marked with a superscript require an additional auxiliary code: (∘) see
e.g. refs. 66,67; (*) see e.g. refs. 49,68; (□) see e.g. refs. 69,70; (†) RMT36; (×) non-local nuclear dynamics codes71,72.
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large molecular systems and therefore can have a significant impact in
problems of chemical interest.
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