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We consider the effect of bending-strain in thin films of clean, conventional superconductors (S), and
theproximity-inducedeffect of this strain inSNbilayerswith anormalmetal (N), andSNS junctionswith
equal curvatures in each superconductor.We find that the effective spin-orbit coupling due to strain in
the superconductor induces both spin-polarized and unequal-spin even-frequency p-wave triplet
pairings throughout the superconductor. When interfaced with a normal metal, additional odd-
frequency pairings are induced, and their magnitudes can be tuned with the strain. In SNS junctions,
the strain alone can induce a superconducting spin current in the junction. The spin-polarized current
can undergo a 0 − π-transition, resulting in an in-plane, strain-induced magnetization that switches
sign as a function of the strain. We discuss the underlying physics and its implications for
superconducting spintronics.

Conventional superconductors exist in plentiful elemental or alloyed form,
and have been studied for decades, but their response to different stimuli –
on their own or in conjunction with other materials – continue to provide
novel fundamental insights. Deforming a superconducting wire or film
results in bending-strain, and sometimes torsion, and will typically degrade
the critical current that the superconductor can support, up to some critical
value of strain beyond which the superconductivity breaks down
altogether1–3. However, recent studies have shown that bending-strain,
sometimes referred to as curvature-induced strain in the literature, can also
have profound effects on the superconductivity when applied in a material
adjacent to the superconductor, through its modulation of the proximity
effect4–8. These studies have shown that the effective spin-orbit coupling
(SOC) introduced by curvature is instrumental in converting conventional
s-wave, even-frequency, spin-singlet correlations into spin-polarized triplet
correlations. Achieving spin-polarized superconducting correlations from
abundant and versatilematerials is highly desirable in order to, for example,
combine zero-resistance currents with spin-manipulation for spintronic
devices9–12.

Modulation of the singlet order parameter occurs under the effect
of SOC, an external magnetic field, or an internal exchange field. When
a superconductor is proximity-coupled to a ferromagnet or antiferro-
magnet, or exposed to an external magnetic field, odd-frequency,
s-wave spin-polarized triplet correlations can be generated. That is, the
generation of these correlations requires both spin-splitting and a
second spin-orienting field, typically engineered via magnetic multi-
layers or conical exchangemagnets10,13,14, or by employing intrinsic SOC

(for example, from a heavy metal) in combination with a single
exchange field15–17. Recent studies have shown that geometric curvature,
increasingly harnessed for its advantages in spintronics18–25, is an
effective way to both design and manipulate curvature-induced SOC.
Geometric curvature alone is therefore sufficient to affect the symme-
tries of superconducting correlations persisting in single magnetic
elements, i.e., without using any intrinsic SOC,magnetic multilayers, or
strain4–8. The addition of bending-strain may then be used to manip-
ulate the different superconductivity populations in-situ, for example,
to control the superconducting transition5,8, or the direction of
Josephson current4,6.

In contrast to its role inmagnetic materials, geometric curvature alone
(i.e., curvaturewithout strain) is not expected to affect the symmetries of the
order parameter of a plain s-wave superconductor (S). With ballistic
transport, an interface with a normalmetal (N) will convert a portion of the
even-frequency, s-wave singlet correlations into odd-frequency p-wave
singlets26. When proximity-coupled to a non-magnetic material such as a
semiconductor, normalmetal, or topological insulator, geometric curvature
in the non-magnetic material can then affect the singlet order parameter in
the presence of SOC, due to its tunable effect on the generation of unpo-
larized triplet correlations27,28. For example, curvature in a proximity-
coupled topological insulator,whichhas strong SOC, can induce topological
superconductivity29. Spin-orbit-coupled superconducting wires have also
been found to display the evolution of topological phases themselves due to
geometric deformation30. Bending-strain introduces an effective SOCwith a
rotating normal vector. While of Rashba-type, the rotating angle affects the
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generation and modulation of triplet correlations differently from a con-
stant, intrinsic Rashba-SOC, or extrinsic SOC fromgating. In this article, we
explore the extent to which bending-strain affects the symmetries of the
order parameter in a conventional, even-frequency s-wave spin-singlet
superconductor alone, and we examine the implications of the symmetry
transformations on the proximity effect with normal metals in bilayers and
Josephson junctions.

We will use the Bogoliubov-de Gennes framework31 to show how the
effective SOC of bending-strain in clean, conventional superconductors (see
Fig. 1) can modulate the symmetries of the order parameter, generating
even-frequencyp-wave triplets, bothwith andwithout spin polarization.We
will show how this combines with symmetry-modulations from normal-
metal interfaces in SN bilayers and SNS Josephson junctions with a straight
normal metal: In bilayers, the magnitude of the additional odd-frequency
pairings canbe tunedwith the strain, andwefindan in-plane, strain-induced
magnetization that switches sign as a function of the strain in SNS junctions.

Results
The order parameters and observables we will examine are defined and
derived in curvilinear coordinates in Section “Order parameters and
observables”. In Section “Bending-strain in a thin-film superconductor”, we
explore the effects of bending-strain in clean, conventional superconducting
films. In “SN bilayer with bending-strain in S”, we consider the additional
effect of proximity-coupling the strained superconductor to a normalmetal,
and in SNS junction with bending-strain in S we consider the proximity-
induced effects in SNS junctions. The theoretical details, including how
strain-induced SOC enters in the curvilinear framework, as well as the

discretization and diagonalization of the continuum Hamiltonian, are
provided in the Methods. Parameter regimes for the numerical studies are
explained and illustrated in Section “Numerical details”.

Order parameters and observables
To compare different superconducting symmetries, we define the order
parameters as ΔiðτÞ ¼ hT ci;σ ðτÞ ci0;σ 0 ð0Þi, where T is the time ordering
operator, and τ is the relative time coordinate scaled by ℏ/t. The hopping
amplitude between nearest neighbors is denoted by t, and ci,σ(τ) are the
fermion annihilation operators for spin σ at lattice site i [see Methods
Section “Discretization and diagonalization”, for details]. Thus, we can
investigate the order parameters of even- (τ = 0) and odd-frequency (τ ≠ 0)
correlations. In Table 1, we introduce the notation for the relevant combi-
nations of underlying Spin-Parity-Orbital-Time symmetries that ensure
overall odd order parameter symmetry32.

Adhering to the symmetry relations summarized in Table 1, we can
define the s- and p-wave singlet and triplet amplitudes as
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Herem is one lattice spacing in either the tangential or binormal direction
(see Fig. 1), and the time-dependent operators are given by
ci;σ ðτÞ ¼ eiHτci;σe

�iHτ . Observe here that the p-wave correlations have
i� i0 ≠ 0, and the s-wave correlations have i� i0 ¼ 0.

The gap equation in the mean-field approximation is given by Δi ¼
Ui Si;0 and can be written as

Δi ¼
Ui

2Nb

X0

n;k

x�i;n;kui;n;k � w�
i;n;kvi;n;k

h i
tanhðβEn;kÞ; ð6Þ

where we have introduced a new quasiparticle basis γi,n,k through a Bogo-
liubov transformation with complex coefficients {ui,n,k, vi,n,k, wi,n,k, xi,n,k}
[details in Methods]. Furthermore, we have used that
hγyn;kγn0;ki ¼ f ð2En;kÞδn;n0 , where En;k is the eigenenergy associated with
γi,n,k and f ð2En;kÞ is the Fermi-Dirac distribution, and β is the inverse
temperature. The corresponding expressions for Eq. (1)-(5) in the new
quasiparticle basis [Eq. (33)] that are used for computation are given in
Section S.I., in the Supplementary Information.

Wecan consider thederivatives of the odd-frequencyorderparameters
to eliminate the dependence on the relative time coordinate. The odd-

Table 1 | Spin-parity-orbital-time symmetries of order parameters defined in the main text

S P* O T*

S0 − 1 1 1 1 even-frequency s-wave singlet

Sσσ 0 ðτÞ 1 1 1 −1 odd-frequency s-wave triplets

Pm
σσ0 1 −1 1 1 even-frequency pm-wave triplets

Pm
0 ðτÞ −1 −1 1 −1 odd-frequency pm-wave singlet

The operators T* and P* are denoted with an asterisk as they only commute the relative coordinates of the electron operators and do not invert the full spaces.

Fig. 1 | Thin-film superconductor with bending-strain along a constant curve
with arclength s (top), and (below) an SNS Josephson junction with uniformly
curved superconductors and an uncurved normal metal. Orthonormal, curvi-
linear unit vectors in the tangential T̂ ðsÞ, normal N̂ ðsÞ, and binormal B̂ðsÞ direction,
as well as the radius of curvature R, are indicated. In the inset, red represents tensile
strain, and blue indicates compressive strain of the lattice.
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frequency order parameters are odd in time and vanish at τ = 0, while their
derivatives are even and typically finite when evaluated at this point33.
Therefore, we will evaluate all correlations at τ = 0. The relative time deri-
vative is defined as _ΔiðτÞ ¼ hT ∂ci;σ ðτÞ

∂τ ci0;σ 0 ð0Þi, where the derivative is
computed by commuting the electron operator with the Hamiltonian,

∂ci;σðτÞ
∂τ

¼ i H; ci;σ ðτÞ
� �

: ð7Þ

To find the spin-current, one can consider continuity equations. Using
the Heisenberg equation of motion to rewrite the time derivative, the con-
tinuity equation for the spin-current can be expressed as

X
m

Ji;m ¼ �i H; Si
� �

: ð8Þ

Here,H is the Hamiltonian and m enumerates the surface normals of the
unit cell i. By comparing the currentflowing in andout froma singleunit cell
in the tangential direction, a final expression can be obtained34. Thus, J
denotes the spin-current flowing parallel to the tangential unit vector T̂ in
real space,with components in spin space Jμ, whereμ= (s,n,b) indicates spin
alignment in the tangential, normal, and binormal directions. The
components of the spin-current J are only conserved in areas without
spin-orbit coupling.Wewill, therefore only examine spin-current as a useful
observable in cases where thematerial is not curved at i, i.e., in an uncurved
normal metal sandwiched between two curved superconductors. Applying
the standard quasiparticle operators and coefficients [Eq. (29) inMethods],
we find the tangential- and binormal-components of the spin-current
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The spin magnetization is defined as Si ¼ hcyi;ασαβci;βi, which means
that the binormal component becomes

Sbi ¼ 2
Nb

P0
n;k

ðjui;n;kj2 � jvi;n;kj2Þ f ð2En;kÞ
�
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�
:

ð11Þ

Having defined the order parameters and observables of interest, we can
now examine their variation with increasing, uniform strain.

Bending-strain in a thin-film superconductor
The superconductor is initializedwith an s-wave gap on a square lattice, and
the gap equation is solved self-consistently by iterative diagonalization
(details of the numerical implementation are provided in the Methods,
Section “Numerical details”). Bending the superconducting film creates a
strain-induced spin-orbit coupling, where the direction of asymmetry is in
the normal direction to the surface. This creates an additional term in the
Hamiltonian described by

Hsoc ¼ αN σBk̂s � σT k̂b
� �

; ð12Þ

where αN is proportional to the local curvature, σμ are curvilinear Pauli-
matrices, and k̂μ aremomentumoperators.This strain-inducedSOCcreates
a mixed parity s- and p-wave order parameter in the superconductor. The

magnitude of the s-wave gap will diminish as a function of the strain, as
shown in Fig. 2. This is analogous to doing self-consistency calculations for
an increasing Rashba coefficient in a spin-orbit coupled superconductor,
which yields the same results27.

We denote the p-wave triplet pairings with no spin projection as Ps
"#,

and the spin-polarized triplets as Pb
σ , as indicated in Table 1. With time-

inversion symmetry conserved, the spin-polarized p-wave amplitudes are
equal in magnitude jPb

"j ¼ jPb
#j. The superconducting gap closes com-

pletely forhighenough strain so that both s- andp-wavecorrelationsbecome
negligible. The thickness of the film, denoted as Nn, determines the max-
imum strain and the extent of superconductivity it can support. We assume
that the strength of the SOC is proportional to the curvature, which means
that a thinner film can accommodate greater curvature for the same surface
strain. The curvature at a given strain is less for thicker films, and so the
effective SOC is weaker. The singlet s-wave and finite triplet p-wave order
pairings are shown in Fig. 2 as a function of the strain.While the curvature is
in the tangential direction, the pairings Ps

"# and Pb
σ experience the same

strain-induced electric field in the normal direction, leading to their similar
profile in Fig. 2. Their spin polarization depends on the chosen spin axis [c.f.
Eq. (22)] and, in our example, both the spin axis and B̂ are aligned parallel to
ẑ. The pairings arise through the entire superconductor because the super-
conductor has uniform circular curvature, giving a constant bending-strain
profile and equivalent SOC-strength. If the strain is only applied to a certain
part, the p-wave amplitudes will only be finite locally. For instance, in an
ellipse, the correlations are localized at the apexes35. The emergence of
Ps-wave correlations under bending strain aligns with existing intuition
from one-dimensional systems. However, in thin films, the inclusion of the
binormal direction and the term σT k̂b, which here leads to the emergence of
Pb-wave triplet states in strained superconducting films, is crucial to the
appearance of novel effects in conjunction with interfacial symmetry
breaking and Josephson currents, as we will now explore.

SN bilayer with bending-strain in S
We consider a superconductor-normalmetal (SN) bilayer, with an example
of arbitrarily chosen length of superconductor with NS = 50 sites, a normal
metal with NN = 21 sites, and Nb = 71 sites in the binormal direction.
Choosing an odd number simplifies the numerical algorithm at the edge of
the Brillouin zone, but does not impact the results (see Section “Numerical
details”). Thefilm thickness in the normal direction is in this case set toNn=
3, and the strain is only applied to the superconductor.

Without curvature, the interface between the conventional, even-
frequency s-wave spin-singlet (finite S0) superconductor and a normal

Fig. 2 | The even-frequency s-wave singlet and p-wave triplet pairings at the
center of the superconductor as a function of the strain ϵss. The spin-polarized p-
wave amplitudes are equal in magnitude jPb

σ j ¼ jPb
�σ j. Parameters are given in the

main text.
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metal breaks translational symmetry, which will create odd-frequency p-
wave singlets [Ps

0ðτÞ]26. These p-wave singlets are dependent only on
Andreev reflections36. The addition of bending-strain will then reduce the
gap within the superconductor and create an order parameter with an even
frequency mixed parity S0 + Ps

"# and Pb
σ , as seen in Fig. 2, which now

penetrates into the normal metal through the proximity effect.
In Fig. 3, we show the even-frequency pairing amplitudes and the

relative time derivatives of the finite odd-frequency pairings at the interface.
The even-frequency amplitudes originate from the bending-strain via the
spin-asymmetry introduced by the effective spin-orbit coupling in the
superconductor, while the interface between the materials induces the odd-
frequency pairings. The even-frequency p-wave triplets Ps

"# persist
throughout the bulk, and these triplets have an interface-dependence on
bothAndreevandnormal reflections36. They vanish forαN=0, in contrast to
Ps

0ðτÞ, which remains finite, as can be seen in Fig. 3. Furthermore, since the
superconductor is strained and the normal metal is not, the curvature-
induced spin-orbit coupling vanishes at the interface.This interfacial change
acts on spins like a local spin splitting in the binormal direction, giving rise to
an odd-frequencyS"#ðτÞ-wave triplet andPb

0ðτÞ-wave singlet contribution.
By considering the mechanisms for interconversion between the dif-

ferent symmetries of the superconducting correlations, we can therefore
detangle the independent contributions generated by the interface and the
strain. By examining Fig. 3, we can see how their respective magnitudes can
be tuned with the strain ϵss, for which a number of external control
mechanisms exist, for example,mechanical or thermoelectricmanipulation,
voltage-control from piezoelectric actuators8, or light-control via a photo-
strictive substrate37.

For completeness, we compare the derivatives in Fig. 3 with the
magnitudes of the corresponding odd-frequency pairings in Fig. S.1 in the
Supplementary Information. There, we see that the amplitudes – which
remain within the same order for relative times within that order – are
comparable to the derivative evaluated at relative time τ = 0.

SNS junction with bending-strain in S
Lastly, we consider an SNS junction with strained superconductors and an
un-strained, uncurved normal metal, as illustrated in Fig. 1. A charge-
current flows across the normal metal when there is a phase difference
between the superconductors38,39. In addition to the charge current, we find
that a spin-current flows across the junction whenever there is bending-
strain in the superconductors. Spin current is in general, not a conserved
quantity since SOC prevents spin from being a good quantum number40.

However, in our model, there is no strain or SOC within the normal metal,
and so any spin-current is therefore conserved in this region.

In Fig. 4, we show the tangential and binormal components of the spin
current J at the center of the normal metal. The sign of Jb depends on the
length of the normal metal and strain, resulting in so-called 0 − π oscilla-
tions as a function of both length and the effective spin-orbit coupling
strength experienced, shown here as a function of the bending-strain in the
superconductor. The 0 − π oscillations in Jb as a function of length are
included in Fig. S.2, in the Supplementary Information for completeness.
Changes in current-direction as indicated by 0 − π oscillations are well
known in Josephson junctions with a ferromagnetic weak link41–43, but in
SNS junctions they are so-far only found when there exists a non-
equilibrium electron distribution in N44. This result therefore indicates that,
with regards to generating a Josephson current, strain, or effective SOC, acts
on the normal metal in a similar way to a Zeeman interaction in a

Fig. 3 | The pairing amplitudes around the SN
interface for increasing strain in the super-
conductor. The first column shows the non-zero
even-frequency pairings and the second column is
the relative time derivative of the odd-frequency
pairings at τ = 0. The spin-polarized p-wave pairings
are equal in magnitude jPb

σ j ¼ jPb
�σ j. The deriva-

tives are compared to the amplitudes of the corre-
sponding odd-frequency pairings in Fig. S.1 in the
Supplementary Information. System parameters are
given in the main text.

Fig. 4 | The nonzero spin-current components at the center of the normal metal
for two different lengthsNN= (5, 9) at phase difference ϕ= π/2.We have usedNS

= 50 sites in the superconductors and Nb = 2NS + NN in both cases. The remaining
parameters are identical to themain text. Jb forNN= 5 at zero phase difference ϕ= 0 is
shown in red. The inset shows the sinusoidal form of Js, with a change in sign as a
function of strain.
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ferromagnet. A subgap spin Josephson effect has also been suggested in the
topologically nontrivial phase of topological Josephson junctions with a
magnetic field and SOC in the superconductors45, and a superconducting
diode effect has been noted due to a combination of SOC andmagnetic field
or intrinsically p-wave superconductors46. In our case, we show that this
current can appear when using conventional s-wave superconductors with
bending-strain and a simple normal metal weak link.

At low strain, we see in Fig. 4 that the dominant Josephson-current is
carried by spins polarized in the tangential direction, while Jb takes pre-
cedence after the 0 − π transition of Js, due to the increasing spin-orbit
coupling. The sinusoidal current-phase relation of Js is shown in the inset of
Fig. 4. The binormal component of the spin current consists of a constant
value plus a cosine term. Therefore, it is possible to create a small, pure spin-
current J ¼ Jb B̂ðsÞ flowing through the junction. It has been shown that the
proportion of spin current in ferromagnetic Josephson junctions can be
tuned by the phase difference47. Here, it is remarkable to note both that a
spin current can be induced solely from applied strain in a conventional SNS
Josephson-junction, and further that the direction of this current can be
tuned by the magnitude of this applied strain.

In Fig. 5, we show the spin-current Js, this time as a function of both
strain and position in N, alongside the induced spin-magnetization Sb. A
combination of SOC and charge current in normal metals generically leads
to spin accumulation48; the charge current shifts theFermi contour along the
ks-axis in momentum space, which, in the presence of SOC, creates a finite
spin magnetization in the binormal direction. The appearance of a spin-
magnetization can therefore, be attributed to the Edelstein effect49. In our
numerical scheme, we split the phase difference equally between the two
superconductors byfixing the phases in the superconductors. Therefore, the
spin accumulation is strongestwithin thenormalmetal, as seen inFig. 5.The
diagonalization gives proximity-induced pairings in the normal metal, with
a phase gradient ∂sϕ. This gradient diminishes away from the interfaces
within the superconductors, so the spin magnetization [Sb] and charge
current will eventually decay there.

We see fromFig. 5 that the switch inmagnetization can be determined
from the 0−π switching profile of Js. The principal reasonwhy nomagnetic
field or intrinsic p-wave order is required in this case is due to the combi-
nation of effective-SOC and interfacial effects on rotating the proximity-
induced correlations. It is inherently linked to the thin-film nature of the
system, which retains an additional term in the cross-product of the spin
vector and the nearest-neighbor vector [Eq. (23)] compared with the one-
dimensional analysis of most triplet transport analysis to date. When con-
sidering two dimensions, we get a σT k̂s-term in the sb-plane in the presence
of a phase gradient. This creates spin-polarized triplets that can engender a
magnetization in the binormal direction and plays the role typically pro-
vided by a magnetic field. We therefore see that strain can be an effective
generator and controller/switcher of spin-current andmagnetization in SNS
junctions.

Discussion
We have considered the effect of bending-strain in thin films of clean,
conventional, s-wave superconductors, and its proximity-induced effects on
the symmetries of the superconducting correlations persisting in SN and
SNSheterostructures. In the strained superconductor alone,wefind that the
strain reduces the s-wave gap while increasing even-frequency p-wave tri-
plets both with and without spin polarization throughout the super-
conductor. Including a normal-metal interface leads to the additional
generation of odd-frequency pairings – odd-frequency Ps

0ðτÞ from the
interface alone, and a contribution to S"#ðτÞ-wave triplet and Pb

0ðτÞ-wave
singlet from both the interface and strain – and their magnitudes can be
tuned by the strain. Using these principles, we find that the strain alone can
induce a spin-current in SNS junctions, and tuning the strain can switch the
current direction. The presence of a spin-polarized current results in a
strain-switchable magnetization in the normalmetal, and we show that this
pure spin current can be generated in the junction without amagnetic field,
and evenwhen the phase difference in the junction isϕ= (0,π). Considering
the many control mechanisms for nanomechanical strain, this may find
several uses in superconducting spintronics and quantum logic circuits,
from control of superconducting qubits to controllable memories43.

We showed in Section “Bending-strain in a thin-film superconductor”
that bending-strain in an isolated superconductingfilm inducesp-wave triplet
pairings throughout the superconductor for uniform curvature. Their mag-
nitude is always aroundoneorder lower than the s-wave singlet, anddie out as
theparent correlationdiminishes. Since the superconductingorderparameter
started out fully s-wave singlet, our self-consistency calculations includedonly
the s-wave gap. We expect that if the p-wave correlations are included in the
self-consistency requirement, p-wave pairings may stabilize to form the
majority pairing population for increasingly high strain. For non-constant
curvatures in the film, the gap would reduce locally in areas with high strain,
and the p-wave contribution would increase only locally. We would also
expect the sign of the curvature in each arm of the SNS junction to affect the
ground state6. For an S-shaped junctionwith opposite but equal curvatures in
each arm, we would expect the spin magnetization to become vanishingly
small as the spinpolarization contributions fromeach interfacewould cancel6.

In this article we have shown the effects of bending-strain magnitudes
of up to 2%, with all themajor effects we report generally achievable with ϵss
< 1%.We have shown how thickermaterials can support superconductivity
at higher strains, but since materials typically become very brittle at cryo-
genic temperatures, it is prudent to limit strain to around 1%. In addition,
while a number of techniques are being developed for designing curvilinear
superconductors in three dimensions24, most devices for dynamically
imparting strain in-situ, such as piezoelectric actuators8,50 are currently
restricted to this same order.

Bending-strain translates into an effective SOC with symmetry
symmetry-breaking axis in the radial direction. Since the arc length defining
the radius of curvature changes for every layer in the film, the total bending-

Fig. 5 | The spin-magnetization Sb and spin-
current component Jswithin the normalmetal, for
phase difference ϕ = π/2 between the super-
conductors.Thefirst rowhasNN=5, and the second
row NN = 13. We have used NS = 50 and Nb = Ns,
while the rest of the parameters are identical to the
main text.
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strainof anyone sampledependson thefilm thickness according toEq. (21).
We showed results for thicknessesNn = (3, 6, 9), and for equal strains these
thicknesses have both a different curvature and a different corresponding
effective SOC.We provide an overview of their comparative values in Table
S.1., in the Supplementary Information, were we for convenience also
compare the SOC energy with respect to the superconducting gap. When
combining the radial bending-strain with interfacial-Rashba SOC in thin-
film heterostructures, these two different symmetry-breaking axes combine
to give a nuanced mixture of odd- and even-frequency correlations. They
can be harnessed in conjunction with the spontaneous charge current that
exists in an SNS Josephson junction, giving pure spin-current even at zero
phase difference in the junction. The spin current can drive a switchable
magnetization in the normalmetal. Strain alonemay therefore, also inducea
superconducting diode effect46.

In our approach, we have assumed that the imparted strain is suffi-
ciently small to not significantly affect the electron-phonon interaction.
However, to the best of our knowledge there is as yet no clear experimental
data indicating for what strains this assumption breaks down. For larger
strains, wewould expect a significantmodification of the electron bands due
to lattice deformation and a shift in the electron-phonon interaction
between compressive and tensile regions. It would be instructive to further
explore the nature of this change in the interaction in highly strained
superconductors in the future.

In further development of this setup, it would be possible to include
intrinsic Dresselhaus SOC in the normal metal, as well as out-of-plane
symmetrybreakingRashbaSOC inducedvia a substrate. Furthermore, since
the normal metal undergoes no in-situ deformation, it would also be pos-
sible to include extrinsic Rashba SOC from gating, giving additional control
over the interconversionmechanisms for the superconducting correlations.
While we also restricted the analysis in this study to conventional super-
conductors, a natural extension would be to consider unconventional
materials. For chiral p-wave superconductors, for example, bending-strain
may split the Fermi surface into two helicity bands51, potentially leading to
the emergence of chiral Majorana edge states52–54. For unconventional or
multiband superconductors, modifications to the electron-phonon inter-
actionmay play an even bigger role, and strain-deformation of the bands in
two-band superconductors could have profound implications for stabilizing
superconductivity at high magnetic fields55.

Methods
This section summarizes the theoretical and numerical framework used to
derive the results presented above. We introduce geometric curvature in
superconductors using the Frenet-Serret frame in Section “Frenet-Serret
frame” and define the continuum Hamiltonian with curvature-induced
bending-strain in Section “ContinuumHamiltonian and strain-induced spin-
orbit coupling”.Wediscretize theHamiltonian togive the tight-bindingmodel
in Section “Discretization and diagonalization”, and Section “in Numerical
details”,weprovidedetails of thenumerical algorithmandmaterial parameters
employed to produce the examples that are analyzed in the main text.

Frenet-Serret frame
We parametrize a curved superconductor using Rðs; n; bÞ ¼ rðsÞþ
nN̂ ðsÞ þ bB̂ðsÞ, where r(s) characterizes the curve along the arclength s, and
the parameters n, and b are the normal and binormal coordinates, respec-
tively. The orthonormal basis vectors for the parametrization are
the tangential T̂ , normal N̂ and binormal B̂ directions, as illustrated in
Fig. 1.

The Frenet-Serret formulas, which describe the change of the curvi-
linear unit vectors êμ, can be summarized as

∂sT̂ ðsÞ
∂sN̂ ðsÞ
∂sB̂ðsÞ

0
B@

1
CA ¼

0 κðsÞ 0

�κðsÞ 0 0

0 0 0

0
B@

1
CA

T̂ ðsÞ
N̂ ðsÞ
B̂ðsÞ

0
B@

1
CA: ð13Þ

Here we have introduced the geometric curvature function κ(s), which for a
uniform curve is simply the inverse of the radius of the curve (see Fig. 1).
Using Eq. (13), we can write the basis vectors as derivatives ofR(s, n, b).We
express them as eμ ¼ ∂μR ¼ hμêμ, where hμ are scale factors. The metric
tensor is defined as Gλμ ¼ eλ � eμ, and can be written as

Gλμ ¼
h2s 0 0

0 1 0

0 0 1

0
B@

1
CA; ð14Þ

where hs = 1 − nκ(s). It lowers contravariant indices, while its inverse,
denoted Gλμ, raises covariant indices.

For a circular geometry, the curvature is constant κ(s) = κ, and the
parametrization can be written as

rðsÞ ¼ � 1
κ
cosðκsÞ êx þ

1
κ
sinðκsÞ êy: ð15Þ

The orthogonal curvilinear unit vectors become T̂ ðsÞ ¼ ∂srðsÞ, N̂ ðsÞ ¼
�∂sT̂ ðsÞ=j∂sT̂ ðsÞj and B̂ðsÞ ¼ T̂ ðsÞ× N̂ ðsÞ. For the circular parametriza-
tion [Eq. (15)] this gives

T̂ ðsÞ ¼ sinðκsÞ êx þ cosðκsÞ êy;
N̂ ðsÞ ¼ � cosðκsÞ êx þ sinðκsÞ êy;

B̂ðsÞ ¼ êz:

ð16Þ

Continuum Hamiltonian and strain-induced spin-orbit coupling
The covariant Hamiltonian for describing the motion of electrons in the
presence of spin-orbit coupling is

H ¼ � _2Gλμ

2m� DλDμ þ
i_
m�

ϵλμνffiffiffiffi
G

p αλσμDν ; ð17Þ

where G is the determinant of the metric tensor, ℏ is the reduced Planck
constant,m* is the effective electron mass, αλ are components of the spin-
orbit vector, σμ the Pauli vector components, and ϵλμν is the Levi-Civita
symbol. We define the covariant spin-orbit field as Aν ¼ ϵλμναλσμ=_

ffiffiffiffi
G

p
,

which allows us to rewrite theHamiltonian in Eq. (17) to show a local SU(2)
gauge invariance15–17

H ¼ � _2Gλμ

2m� Dλ � iAλ

	 

Dμ � iAμ

� �
: ð18Þ

The covariant derivative Dλ of a covariant vector vμ is defined as56

Dλvμ ¼ ∂λvμ � Γνλμvν : ð19Þ

TheChristoffel symbols are related to themetric tensor, and are defined as56

Γνλμ ¼
1
2
Gνν ∂μGνλ þ ∂λGνμ � ∂νGλμ

� �
: ð20Þ

When curvature is the result of lattice deformation, the associated
strain can be defined as the difference in arc length between the center L(0)
and the outermost layer L(n) normalized by L(0) (see Fig. 1). The arclength
is given by L(n) = θ(R+ n), where θ is the subtending angle. Thus, we can
write the strain associated with the geometric deformation as20,57

ϵss ¼
θðRþ nÞ � θR

θR
¼ κðsÞn: ð21Þ

This in turn, gives rise to an additional potential in the material58,59 and,
therefore, an electric field E � κðsÞN̂ ðsÞ for small strain. An electron
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moving through this electric field will experience an effective magnetic
field B ~ p × E through the Zeeman interaction in its rest frame. Since the
electric field is oriented in the normal direction, it allows us to express the
resulting spin-orbit vector as α ¼ αNN̂ ðsÞ, where the coefficient αN
quantifies the strain-induced spin-orbit coupling, being proportional to
the local curvature, given by αN(s) = aNκ(s), with proportionality constant
aN. Thus, the continuumHamiltonian for a thin film around n = 0, can be
written as

H ¼ � _2

2m� ∇2 � i_2

m� σT ðsÞ αN ðsÞ ∂b
þ i_2

2m� σB½αN ðsÞ ∂s þ ∂s αN ðsÞ�;
ð22Þ

where σT ðsÞ ¼ � sin κðsÞs½ �σx þ cos κðsÞs½ �σy and σB = σz, which follows
directly from Eq. (16).

Discretization and diagonalization
Discretizing the continuumHamiltonian [Eq. (22)] gives the tight-binding
Bogoliubov-de Gennes Hamiltonian:

H ¼ � P
hi;ji;σ

tijc
y
i;σcj;σ �

P
i;σ

μic
y
i;σci;σ

�P
i
U ic

y
i;"ci;"c

y
i;#ci;#

� i
2

X
hi;ji;σ;σ 0

αN N̂ ðsÞ � σðsÞ× dij

� �
cyi;σcj;σ0 ;

ð23Þ

where t is the hopping amplitude, μi is the chemical potential,Ui is the local
on-site attraction that gives rise to superconductivity. The nearest neighbor
vectordijpoints from lattice coordinates i= (is, ib) to j=(js, jb), anddij=−dji.

We assume periodic boundary conditions in the binormal direction.
Therefore, we Fourier transform the electron creation and annihilation
operators,

cis;kb;σ ¼ 1ffiffiffiffiffi
Nb

p P
ib

cis;ib;σe
ikbib ;

cyis ;kb ;σ ¼
1ffiffiffiffiffi
Nb

p P
ib

cyis;ib ;σe
�ikbib ;

ð24Þ

where Nb represents the total number of lattice sites in the binormal
direction. Since the binormal lattice index does not appear in any of the
following expressions, we denote the tangential is ≡ i and the binormal
momentum kb ≡ k. We choose the Fourier-transformed Nambu ⊗ spin
space basis

B̂
y
i;k ¼ cyi;k;" cyi;k;# ci;�k;" ci;�k;#

� �
;

Wy
k ¼ B̂

y
1;k B̂

y
2;k B̂

y
3;k . . . B̂

y
Ns;k

� �
;

ð25Þ

which we use to write the Hamiltonian as

H ¼ � 1
2

X
i;j;k

B̂
y
i;kĤi;j;kB̂j;k ¼ � 1

2

X
k

Wy
kHkWk; ð26Þ

where we have neglected constant shifts to the energy. The site-dependent
matrix in the above sum can be written as

Ĥi;j;k ¼ 2t cos kaþ μi
	 


δi;j τ3 � σ0

þ t δi;jþ1 þ δi;j�1

� �
τ3 � σ0

þ δi;j iΔi τ
þ � iΔ�

i τ
�	 
� σy

þ αii δi;j sin ka σ̂T

þ i
2 αij δi;jþ1 � δi;j�1

� �
τ0 � σB;

ð27Þ

where αij = αN(si)+ αN(sj), and τ
± = τ1 ± iτ2, where the τmatrices are Pauli

matrices that operate in Nambu space. Furthermore, the matrix
σ̂T;i ¼ diagðσT;i; σ�T;iÞ, where σT ðsÞ ¼ σ � T̂ ðsÞ, and a is the lattice constant.

To diagonalize the Hamiltonian and obtain the eigenenergies, we
consider the eigenvalue problem HkΦn;k ¼ En;kΦn;k, which has 4Ns

eigenvalues, where Ns is the total number of lattice sites in the tangential
direction. It is equivalent to writing

X
j

Ĥi;j;kϕ̂j;n;k ¼ En;kϕ̂i;n;k; ð28Þ

where

ϕ̂
y
i;n;k ¼ u�i;n;k; v

�
i;n;k; w�

i;n;k; x
�
i;n;k

� �
;

Φn;k ¼ ϕ̂1;n;k; ϕ̂2;n;k; . . . ; ϕ̂Ns;n;k

� �
:

ð29Þ

Diagonalizing the 4Ns×4Nsmatrix givesHk ¼ PkDkP
y
k , wherePk=[Φn,k] is

a matrix containing the eigenvalues of Hk. The matrix Dk contains the
eigenvalue En;k on the n’th diagonal. Therefore, the total Hamiltonian
becomes

H ¼ � 1
2

X
n;k

En;kγ
y
n;kγn;k; ð30Þ

where γn,k is the n’th element of Γk ¼ Py
kWk.

There are pairs of linearly dependent quasiparticle operators γn;k ¼
γyn;�k that give pairs of identical eigenvalues En;k ¼ �En;�k with opposite
signs. The momentum index lies in the first Brillouin zone ka ∈ [− π, π),
and for periodic boundary conditions, the values are restricted by ka =
2πm/Nb, where m is an integer. Thus, we split the momentum sum into
three contributions to obtain a Hamiltonian with only linearly indepen-
dent quasiparticle operators60:

H ¼ � P
n;0 < ka < π

En;kγ
y
n;kγn;k

� P
En ≥ 0

En;0γ
y
n;0γn;0 þ En;πγ

y
n;πγn;π

� �
:

ð31Þ

For zeromomentumand ka=πweused the following relations for the pairs
of energy eigenvalues: En;0 ¼ �Enþ2Ns;0

and En;π ¼ �Enþ2Ns;π
. All

expectation values are expressed similarly, so we define a new sum

X0

n;k

¼
X

En ≥ 0;k¼0

þ
X

n;0 < ka< π

þ
X

En ≥ 0;ka¼π

: ð32Þ

Theold fermionoperators cannowbe expressedusing thenewquasiparticle
operators:

ci;k;" ¼ P
n
ui;n;kγn;k; ci;k;# ¼ P

n
vi;n;kγn;k;

cyi;�k;" ¼ P
n
wi;n;kγn;k; cyi;�k;# ¼ P

n
xi;n;kγn;k;

ð33Þ

which are useful in extracting numerical estimates for observables of
interest.

Numerical details
In Fig. 6, we show the dimensions used in the numerical scheme: the total
number of lattice sites in the tangential, normal, and binormal direction are
respectively denoted Ns, Nn, andNb, while the number of lattice sites in the
superconductors and normal metal individually in the tangential and nor-
mal direction are respectively denoted NS and NN.

We initialize a superconductor(s) with an s-wave gap on a square
lattice, which is solved self-consistently with an iterative diagonalization by
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updating the gap in theHamiltonian [Eq. (27)]with the expression inEq. (6)
until the absolute difference between iterations falls below a threshold, here
set to 10−6. We set the number of sites in the binormal and tangential
direction to be square, with Nb = Ns = 99, and Fourier transform the
binormal direction with periodic boundary conditions. The numerical
implementation is simplified by selecting an odd number of lattice sites,
since the end of the Brillouin zone does not contribute in this case because
the binomialmomentum is restricted by ka=2πm/Nb, wherem is an integer
[in effect, we can ignore the last term in Eq. (32)].While a specific number is
chosen for illustration, the results are not sensitive to the number of lattice
sites and remain consistent across different configurations, although amore
sophisticated model would be expected to show atomic-scale oscillation of
the strength of the superconductivity61,62.

For the results presented in results, we normalize energy scales to the
hopping parameter t, and set the attractive potential parameter toU= 1.5, the
chemical potential to μ = 1, and the temperature to T = 0.2. Furthermore, we
normalize the curvature to the superconducting coherence length αN = κξ,
with proportionality constant aN = 1. This can be used to relate the effective
spin-orbit strength to the strain via αN = ϵssξ/n, where n = (Nn− 1)a/2 is the
length from the center of the film to the outermost layer (see Fig. 1), and a is
the lattice spacing.Using this, any specific strain values indicated in result refer
to the strain at the upper/lower plane of the superconductor. For illustrative
purposes, we selected parameters corresponding to superconducting nio-
bium,withαN=2.3ϵss/(Nn−1),whereϵss is the strain inpercent.Thechoiceof
material is arbitrary, and was chosen only to provide a familiar scale in
comparisonwith purely spin-orbit-coupled systems, and the results that were
presented will apply to any conventional thin-film superconductor61–64.

In the limiting case Nn → ∞, the Rashba coefficient αN → 0, sup-
pressing p-wave pairings and spin-currents. Conversely, a strain-induced
electric field E / κN̂ requires Nn ≥ 2. In order to emphasize the thickness
dependence of pairing and spin responses under strain we considered the
rangeNn∈ (3, 9), and set ξ/a= 2.3 so that αN falls within the common range
for SOC-systems. The thin-film Hamiltonian is solved by summing over
one-dimensional chainswith a binormalmomentum index k and averaging
over the first Brillouin zone, as described in Eqs. (26) and (32). Strain and
curvature are incorporated as spin-orbit coupling, with the Pauli matrices
rotating according to Eq. (16). The coordinate system is oriented such that
the normalmetal,whenpresent, lies in the y− zplane, as illustrated inFig. 1.

Data availability
Data is provided within themanuscript or supplementary information files.
Numerical code available upon reasonable request.
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