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Porous media are commonly described as effective isotropic fluid materials, such that their acoustic
properties can be adequately determined from their bulk modulus and dynamic density. Most porous
materials, however, possess a marked anisotropy, which influences their acoustical behavior and the
parameters necessary to deduce it. Specifically, the influence of anisotropy translates into a full
symmetric density tensor, drastically increasing the number of effective fluid parameters required to
describe the medium. This paper presents a method for retrieving the bulk modulus and density tensor
coefficients of a rigidly-backed layer of anisotropic porous material from reflection coefficients
measured in free field with an array of microphones. The procedure consists in estimating the reflection
coefficient via sound field reconstruction at the material’s surface. The reflection properties are
estimated for various angles of incidence, and an inverse problem is formulated to infer the effective
fluid parameters. The validity of the method is confirmed numerically on a synthetic porous layer and
experimentally on a manufactured glass wool layer. The proposed method enables to characterize

anisotropy in porous media non-invasively (solely based on observing the sound field above the
material), showing promising potential for the effective characterization of complex media.

Acoustic wave propagation and viscothermal dissipation of acoustic energy
in porous media can be described macroscopically by an equivalent fluid
model, which requires the knowledge of several pore parameters. Although
some of the pore parameters can be measured directly’, these methods
require specialized equipment and are often difficult to carry out. Indirect
(inverse) acoustic methods, whereby a measurable acoustical property can
be directly related to the pore morphology, are an attractive alternative to
direct measurements. Two common acoustical properties that are directly
measurable with a standardized impedance tube’ are the normal incidence
reflection and transmission coefficients, which can be used to predict the
behavior of the dynamic density and bulk modulus of the equivalent fluid™".
If the material is homogeneous and isotropic, these two frequency-
dependent fluid parameters are also sufficient to determine the six Johnson-
Champoux-Allard-Lafarge (JCAL) parameters™ that control the dissipa-
tion of acoustic energy in the medium’.

Most porous media, however, are inherently anisotropic and exhibit
different properties along orthogonal directions known as the principal
directions®. In particular, it has been shown that the JCAL parameters that
describe visco-inertial dissipation in the medium (high-frequency limit of
tortuosity, characteristic viscous length, and static viscous permeability) are

symmetrical tensors of the second order, and diagonal tensors in the
orthonormal coordinate system of the medium’s principal directions'*™"".
This, in turn, is also true for the dynamic density of the equivalent fluid",
raising to seven (the bulk modulus and the six coefficients of the symme-
trical density tensor) the number of effective fluid parameters required to
determine (i) the twelve JCAL parameters that account for energy dissipa-
tion in anisotropic porous media; (ii) the three angles (or principal direc-
tions) that describe the orientation of the medium’s micro-structure.
Although the acoustical properties of anisotropic media have garnered
significant attention over the past several decades’™"*", much of the literature
concerned with the experimental characterization of porous materials has
neglected their anisotropic behavior, yielding inaccurate pore estimates. A
number of studies did extend inversion procedures to characterize anisotropic
materials. These studies, however, consider simplistic assumptions on the
nature of anisotropy; e.g, anisotropic materials with principal directions
belonging to the layer plane interface®”’, or two-dimensional anisotropic
materials with principal directions arbitrarily tilted with respect to the refer-
ence coordinate system'*’. The only study that characterizes fully anisotropic
porous media in three dimensions (i.e., anisotropic porous materials having
principal axes tilted in a priori unknown directions) is due to Terroir et al.”.
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In a numerical study, they proposed a general method for retrieving the
effective fluid parameters of a layer of homogeneous anisotropic material
surrounded on both sides by a homogeneous isotropic fluid. The procedure
evaluates the reflection and transmission coefficients at six angles of inci-
dence, from which the effective material parameters and the orientation of the
material’s principal axes are inferred. Experimental validation in an impe-
dance tube was recently achieved by Cavalieri et al.”>, via measurements of
the reflection and transmission coefficients of six samples cut in six different
orientations in a layer of glass wool.

In this paper, we propose a free-field experimental procedure to esti-
mate non-invasively the effective fluid parameters, JCAL parameters, and
principal directions of a layer of anisotropic porous material. We extend the
methodology proposed by Terroir et al” to rigidly-backed anisotropic
porous media, and examine if the effective fluid parameters can be extracted
from oblique incidence reflection coefficients measured in free field with an
array of microphones (without the use of transmission coefficients). The
experimental procedure is based on a recent experimental method developed
in refs. 24,25 and consists in estimating the surface impedance via sound field
reconstruction (sound pressure and particle velocity) at the material’s sur-
face. The reflection properties are estimated for six angles of incidence, and
an inverse problem is formulated to infer the effective fluid parameters from
the measured reflection coefficients and the sound pressure at the rigid
backing. Based on the retrieved fluid parameters, the twelve JCAL para-
meters and three principal directions are further obtained via optimization.

To date, existing characterization techniques have mostly relied on
measurements taken at normal incidence in an impedance tube. The pro-
posed free-field approach transcends classical tube methods in that it enables
angle-dependent measurements and opens up the possibility to develop in-
situ techniques to characterize materials outside laboratory environments
(after installation and in realistic operational conditions). To the authors’
knowledge, it is the first time that such methodology is implemented, and it
shows promising potential for the effective characterization of complex
structures that cannot otherwise be mounted in a tube.

Results

Analytical results

We consider porous materials that are homogeneous (i.e., whose properties
are spatially uniform) and whose solid phase is assumed to be motionless.
We define a reference coordinate system (O, e;,e,,e;) with position
coordinates (x;, x,, X;). We consider an infinite layer of anisotropic porous
material with thickness L, bulk modulus B, and density tensor p (see Fig. 1).
In the reference coordinate system, its boundaries are defined by the equa-
tions x; = 0 and x; = L. On the side defined by x; < 0, the layer is fixed on
a rigid, impervious wall. On the other side x; > L, the layer is surrounded by
an isotropic fluid of scalar density p,, bulk modulus B, and characteristic
impedance Z, = (pOBO)l/2 = pyCo> Where ¢, = (Bo/po)l/2 is the speed of
sound. Note that we account for the anisotropy of the layer by using a density
tensor, as opposed to a scalar density”. In particular, the orthonormal
coordinate system (e, e, ey) of the material’s principal directions with
position coordinates (x;, Xy, ;) can be defined so that the density tensor is
diagonal in this system. That is, the density tensor can be written as
p = p* = diag (p;, pyy, pyp)> where p;, pyp, and py; are the principal densities

and the superscript * designates the diagonal tensor. In the reference coor-
dinate system, the density tensor reads p = Rp*R, where the superscript "
denotes non-conjugate transposition and R = R;(0)R,(6)R,(6)) is the
rotation matrix between the two coordinate systems, with R, R,, and R,
being elementary matrices of rotation and 6}, 8y, and 0y the roll, pitch, and
yaw angles, respectively. In the layer, the pressure and particle velocity fields
(py» v;) are governed by the equations of mass and momentum conservation

il —
.1w§’— Vv, )
lwp -v; = Vpy,

where w = 27f is the angular frequency and time dependency e™*“' is
omitted.

Let us now consider the incident plane wave p’ = e
propagating in the domain x; > L with unitary amplitude and the wave-
numbers k; = —kysinfcos¢, k, = —k,sinOsin¢ and k; = k, cos 6,
where k, = w/c, and 0 and ¢ are the elevation and azimuth angles mea-
sured from (O, x;) and (O, x, ), respectively. The Snell-Descartes law yields
the specularly reflected wave p” = Relks(a~Delkr%r where R is the pressure
reflection coefficient, k; = ke, + k,e,,andx; = x,e, + x,e,.Inthelayer,
the pressure and particle velocity fields p; and v; take the form

i(ky X, +hyx,—ks (x;—L))

{P | = pylxs)ee, )

V) = Vi(x)elrr,

where p;(x;) and V,(x;) are independent of x; due to the layer being
homogeneous, but still depend on the coordinate x;. Substituting Eq. (2) into
Eq. (1) yields the equations of apparent mass and momentum conservation

B < A
lw% = i(q-kpvs + ﬁ, 3)
. ~a . ~ ap
iwpy; = 1(q - kp)p, + T£;7

where 7); = ¥,(x;) - €5, ¢ = q,€, + g,e, is a dimensionless vector, and B
and p are the apparent bulk modulus and density, respectively, where the
superscript designates apparent quantities. Denoting the inverse of the
density tensor by the symmetric tensor H = p~1, the coefficients q, and g,
and the apparent density p can be shown to depend on the inverse density
tensor components (h;;, hyy, i3, By, Hy3, hs3) according to”

hys hys
= — == 4
1 h33 ) ( )
Similarly, the apparent bulk modulus B can be shown to depend on the
inverse density tensor, the physical bulk modulus B and the wavenumber
vector ky = (k,, k,) according to™'

w? w? ) 2
E‘mz 511k1 +‘522k2 +2512k1k2a (5)

with&; = hy; — hayq,q;, (i, j) € {1, 2}2. Details regarding the derivation of

Egs. (3) to (5) can be found in ref. 21. It is worth recalling that the reflection
p' p' coefficient R, the bulk modulus B, the density tensor p and its inverse H are
N 6 A complex-valued and frequency-dependent variables. The sound pressure
- - and normal component of the particle velocity being continuous at the layer
} I L boundaries x; = 0 (rigid backing) and x; = L, the boundary conditions
read
£(0) = po;
1/13 (0) 0, ( 6)
pL) = A1 +R),
Fig. 1 | Conceptual view. Rigidly-backed homogeneous anisotropic porous layer. (L) =AR-1)/ ZO,
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where A = 1 corresponds to the unitary amplitude of the incidence wave, Po
is the sound pressure at the rigid backing, and Z, = (p,B,) ~ =
Z,/ cos () is the apparent impedance of air in the direction defined by e;.
The system of differential equations (3), subject to the boundary conditions
described in equation (6), can be written in a matrix form and solved by
means of matrix exponential, yielding the system of linear equations:

AR+ 1) = (et + ek -

2R —1)/Zy = (py/Z)(—€T + €T

where kj” = —q-kril; and k = a)([)/B)l/2 and Z = ([)B)l/z are the
apparent wavenumber and impedance in the layer, respectively. Solving for
Z and k, the apparent impedance reads

P (R+ 1) B (poe—mq-kr)L)Z ®
VR-1  ®R-1*

while the apparent wavenumber can be inferred using the single relation

- Z z 1
eilkL = |R|1+— |+ 1¥F=— v (9)
Z() ZO Poefl(‘l'kr)L

Note that the sign in Eq. (8) is determined by the passivity constraint
Re(Z) 0. As for Eq. (9), solving for e will be preferred, since the
negative wave carries more energy than the positive x;-going wave (the
incident wave is defined in the negative x; direction). This gives
k = [—ang(e ") + ilog|e *| 4- 2n7]/L, where ang is the phase angle
and log is the natural logarithm. The term 257 with integer n € 7, is used to
unwrap the phase of e ¥, ensuring that k is continuous over all frequencies.
The value of the integer #n has to be determined and will depend on the
nature of the material (typically, » = 0 when initiating the procedure at very
low frequencies). Equations (8) and (9), which correspond to the Nicolson-
Ross-Weir procedure’”’ extended to oblique incidence in anisotropic
media, show that the apparent impedance and wavenumber (and
subsequently the apparent density and bulk modulus) can be retrieved
from knowledge of the layer’s thickness L, the sound pressure at the rigid
backing p,, and the reflection coefficient R and phase delay (q - kp)L at
specific angles of incidence specified by the wavenumber vector
k; = (k,, k,). The inverse problem used to retrieve the value of the physical
bulk modulus B and the six components of the symmetric inverse density
tensor (hyy, hyy, hy3, Hyy, hys, hsy) is formulated in the Methods section.
The oblique-incidence reflection coefficient is estimated from the plane
wave model

_ Z cos(0) — 1 7 (10)
Zcos (6) + 1

where Z; is the material’s normalized surface impedance. The surface

impedance is measured in free field via reconstruction of the sound pressure

and particle velocity at the material’s surface. This is also detailed in the

Methods section.

Numerical results

The validity of the method is first examined numerically by means of
simulated measurements in MATLAB. To this end, we consider an aniso-
tropic homogeneous layer of thickness L = 3 cm and infinite extent, with
known porous properties. In its thickness, the layer is formed by the repe-
tition of unit cells consisting of an orthorhombic lattice with dimensions
b6 =14, by = 2L, and £ = 3¢, from which an ellipsoid with semi-axes
rp=0.660, ry=132¢, and ry =198/, is carved out, where
£, =200 ym is the characteristic pore size. Note that we use the same
material as in ref. 21. The choice of the characteristic pore size guarantees

that the condition of scale separation is satisfied in the frequency range of
interest'’. Besides, the layer includes 150 unit cells in its thickness, guar-
anteeing a bulk behavior of the material.

The anisotropic layer is described in the orthonormal coordinate sys-
tem (e, ey, e ) of its principal directions with a diagonal density tensor p*.
Each principal density p; (with ] = I, IL, III) of the diagonal density tensor, as
well as the bulk modulus B are approximated using the JCAL model for
anisotropic rigid-framed porous media’

_ oc]°°pU o e o i4(oc]°°)zkg_lp0w
A (1 by \[1 T e )

R (11)
B= C 1
2o -
o ik 7141{/0 Cppow
y=(y 1)(1+%Cpp(_w 1=

where the air properties (density p,, dynamic viscosity #, specific heat ratio
y» thermal conductivity «, and specific heat at constant pressure C,,) can be
calculated from the temperature T = 20 °C and the atmospheric pressure
Py = 101320 Pa”. In this case, the JCAL model relies on homogenized
properties of the unit cell, which are calculated using the two-scale
asymptotic homogenization method™. This results in the twelve pore
parameters listed in Table 1, where the pore parameters describing the
thermo-acoustic dissipation (open porosity ¢, thermal characteristic length
A’ and static thermal permeability k) are scalar quantities, while the pore
parameters describing the visco-inertial dissipation (high-frequency limit of
the tortuosity aj°, viscous characteristic length A; and static viscous
permeability k,;) are direction-dependent quantities. Finally, the diagonal
density tensor p* is rotated by the roll, pitch, and yaw angles 6; = 30°, 6;; =
45° and Oy = 60° to result in a fully-anisotropic density tensor p, and its
inverse H.

The array used for the simulated measurement consists of 162
microphones, arranged in two square layers of 9 x 9 microphones each, with
a vertical spacing of 3 cm between the two layers, a horizontal spacing of
2.5 cm, and an array aperture of 20 cm x 20 cm. Considering the minimum

Table 1 | Homogenized JCAL parameters for an anisotropic
unit cell with characteristic pore size £. = 200 yum

$()  NEm  k(m)  aF () AEm) Koy (M)
Q 0.91 368 8 - - =
e - = = 1.18 204 4.4
€ - - = 1.06 240 3.2
e - = = 1.04 269 3.6
X3
A
§ Source
| .
—%
25cm i,
< .~ Microphone positions
X X X X XX X X X
v ¢30m
X X X X X X X XX ) )
1.5¢cm ¢ 3 Reconstruction grid
200000

Fig. 2 | Sketch of the measurement principle (2D view). The porous layer is shown
in yellow. The black markers correspond to the microphone positions, while the red
markers denote the reconstruction grid.
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Fig. 3 | Wavenumber representation. Magnitude

(Pa) of the wavenumber spectrum coefficients esti-

mated at 1 kHz for the six angles of incidence (¢, 8) =

(0, 60°), (180°, 60°), (90°, 30°), (—90°, 30°), (0°, 0°),

and (60°, 45°). N |

(180°,60°) (90°,30°)
x'\‘
0.1
e o008
\\\ Pl
= 0.06
K K
y x 0.04
(60°,45°)
0.02
0
x'\l
ky kx ky kx

and maximum distances between transducers, the effective frequency range
of the array is approximately 200 Hz to 5 kHz. The array is placed at a
distance of 1.5 cm from the material surface (see Fig. 2).

The pressure measured at the 162 microphone positions is modeled as
the sum of an incident plane wave p’, and a specularly reflected plane wave
p’, where the reflection coefficient R is calculated from

R— cos(kL) + i(Z,/7) sin(kL)
~ cos(kL) — i(Z,/Z)sin(kL)’

(12)

and the pore parameters defined in Table 1. The sound pressure p, at the
rigid backing is simulated based on

zei(CI'kr)L

Po = CoskL) — 1(Zy/Z) sin(kL)”

(13)

Gaussian noise with signal-to-noise ratio (SNR) of 40 dB is added to both
simulated pressures (note that Egs. (12) and (13) follow from solving the
system of linear equations (7) for R and p,). Six different angles of incidence
are considered: (¢, 8) = (0, 60°), (180°, 60°), (90°, 30°), (—90°, 30°), (0°, 0°),
and (60° 45°), which will be used for retrieving the effective fluid
parameters. Additional angles of incidence could be used to obtain an
overdetermined problem and improve the estimation, if needed.

The pressure measured at the 162 microphone positions is further
expanded into a plane-wave basis of 256 plane waves, whose directions of
propagation are uniformly distributed over a spherical domain. This plane-
wave basis is used to extrapolate the sound pressure and normal component
of the particle velocity at the sample’s surface, at 20 x 20 points on a square
grid of dimensions 10 cm x 10 cm. Based on the reconstructed sound
pressure and particle velocity, a normalized surface impedance is calculated
at each point of the grid, although the material’s surface impedance is
eventually estimated as the spatial average over the grid. Note, however, that
the size of the reconstruction grid ensures small spatial deviations of the
surface impedance in the frequency range of interest. Finally, the estimated
reflection coefficient is calculated from the plane wave model defined in
Eq. (10) for each angle of incidence.

Figure 3 shows the magnitude of the plane wave expansion at 1 kHz for
the six angles of incidence (¢, ) = (0, 60°), (180°, 60°), (90°, 30°), (—90°, 30°),
(0°,0°) and (60°, 45°), respectively. The magnitude of the 256 plane waves is
represented in Pascals. For each angle of incidence, the directions of arrival
of the incident and reflected waves are clearly identified, with the maximum

amplitudes corresponding to the incident directions. Figure 4 shows the
corresponding reflection coefficients as a function of frequency. The esti-
mated coefficients show excellent agreement with those obtained from
solving Eq. (12) directly.

Once the reflection coefficients have been estimated, the retrieval
procedure described in the Methods section is applied to infer the bulk
modulus B and the six components of the inverse density tensor
(hyy, hyy, hys, By, Bys, hias). The estimated parameters are displayed in Fig. 5
as a function of frequency. The estimated coefficients agree well with those
obtained from solving the direct problem directly (ie., based on the pore
parameters defined in Table 1). It is interesting to note that some of the
parameters are better estimated than others. The procedure yields a particu-
larly accurate estimate for the component /153, which results from averaging six
independent estimates over the six angles of incidence. In contrast, slight
discrepancies are observed for the component h,,. This is due to the fact that
hy, exhibits rather small values that depend on the prior (correct) estimation of
ha3, hy3, hys, and B. Nonetheless, the overall numerical results indicate that the
proposed method can successfully estimate the density matrix and bulk
modulus of a layer of rigidly-backed anisotropic porous material.

Experimental results

In this section, the validity of the method is examined experimentally via
free-field measurements on a commercial glass wool sample of thickness
100 mm (Industry Modus 100 mm, Saint-Gobain Ecophon, Hyllinge,
Sweden). The measurements are performed in a large anechoic chamber at
the Technical University of Denmark (Kgs. Lyngby, Denmark), as shown in
Fig. 6.

Reflection coefficients are measured for the six angles of incidence
(¢,0) = (0, 60°), (180°, 60°), (90°, 30°), (—90°, 30°), (0°, 0°) and (60°, 45°)
using the same array geometry, plane-wave basis and reconstruction grid as
in the numerical study. The retrieval procedure is then used to calculate the
corresponding bulk modulus B and individual components of the inverse
density tensor H. Finally, based on these measured fluid parameters, the
complete set of anisotropic JCAL parameters as well as the orientation of the
material’s principal axes are reconstructed via Particle Swarm Optimization,
as described in ref. 23. These parameters and angles are further used to infer
reconstructed values of R, B, and H and validate the reflection coefficients
and effective fluid parameters measured in free field. The routines for the
optimization are implemented within MATLAB using the function par-
ticleswarm from the Global Optimization Toolbox. The JCAL para-
meters and principal directions are recovered based on the minimization of
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Fig. 4 | Reflection coefficients (simulated). Esti- (0°,60°) (1 80°,60°) (90°,30°)
mated (dotted line) and theoretical (solid line)
reflection coefficient of a layer of anisotropic fluid 0.5 0.5 0.5
material made of an orthorhombic lattice of over- = - =
lapping ellipsoids. Six angles of incidence are con- E 0 E 0 E 0
sidered: (¢, 6) = (0, 60°), (180°, 60°), (90°, 30°), —Re
(—90°, 30°), (0°, 0°), and (60°, 45°). 05— Im 05 -05
05 1 4 05 1 4 05 1 4
f (kH2) f (kH2) f (kH2)
(-90°,30°) (0°,0°) (60°,45°)
0.5 0.5 0.5
= X =
x O x O x O
-0.5 -0.5 -0.5
05 1 4 05 1 4 05 1 4
f (kHz2) f (kHz) f (kHz2)
Fig. 5 | Equivalent fluid properties (simulated). (a )
a Estimated (dotted line) and theoretical (solid line)
inverse density tensor coefficients of a layer of » 1 1 1
rigidly-backed anisotropic fluid material made of an E oo
orthorhombic lattice of overlapping ellipsoids. 2 ,_E 0.5
Black: real part. Red: imaginary part. b Estimated § Ig"
(dotted line) and theoretical (solid line) normalized S —- o0
bulk modulus. Black: real part. Red: imaginary part. g =5
¢ Orientation of the principal directions. -0.5 ~ -
05 1 4 05 1 4 0.5 1 4
f (kH2) f (kHz) f (kH2)
%)
£ 0.05 ]
S ,
gE o
22
T oo -0.05
© <
X -0.1
* 05 1 4
f (kHz)

1.5
1
&O 0.5
o) —Re
o —Im
-0.5
0.5 1
f

(kH2)

two cost functions: first, the 3 thermo-acoustic parameters (¢, A’ and ké)) are
obtained by minimizing the error between the measured and reconstructed
bulk modulus; further, the 9 visco-inertial parameters (oc‘}o, A, andk, g with
J =1 II III) and 3 principal directions &, 6y, and Oy are retrieved by
minimizing the error between the measured and reconstructed coefficients

of the inverse density tensor. For details regarding the optimization pro-
cedure as well as a discussion on the convergence of the estimated para-
meters, the interested reader is referred to”.

The reconstructed JCAL parameters and principal directions obtained
via optimization are summarized in Table 2. An angle of 47° is found along
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Fig. 6 | Measurement setup in the anechoic chamber. An additional microphone is
flush-mounted at the interface between the porous layer and the rigid backing.

Table 2 | Reconstructed values of the JCAL parameters and
principal directions for the glass wool

¢ (1) A’ (um) ko (nm?) af* (1) Ay (um) ko,y (NM?) 6()
0 095(0.99) 300(184) 29@3.1) - = = =
e - = = 1.2 55 0.77 0
e - = = 1.2 231 23 0
en - = = 1(1.01)  73(82) 1.3 (1.46) 47

In parentheses: Comparison with direct measurements in the normal direction®.

the normal direction, indicating that the glass wool fibers are rotated in the
absorber plane. The JCAL parameters are compared with parameters
directly measured via standardized measurements in the normal direction
(in parentheses). These measurements were performed by Matelys, Vaulx-
en-Velin, France™. There is very good agreement between the reconstructed
JCAL parameters and the direct measurements. A slight discrepancy is
observed for the thermal characteristic length A’, which is however not a
defining parameter for such glass wool, making it harder to detect®. It is
expected that using a simpler model with fewer pore parameters may be
better suited to this specific glass wool and prevent overfitting. Also note that
the presence of noise in the input data (B and H) can hinder the perfor-
mance of the optimization procedure, leading to less accurate predictions.
Accuracy can however be improved by measuring additional angles of
incidence, allowing to average and stabilize the values of B and H (as seen
with the recovery of hs; in the Numerical Results section [in Fig. 5]).

In light of the obtained parameters (and, specifically, of the static
viscous permeability values), it should be remarked that, strictly speaking,
the frame may not be considered rigid in the entire frequency range of
interest. The frequency criterion proposed by Biot’' can be used, which gives
a high critical frequency limit below which the frame may be excited by the
motion of air. This frequency is expressed as the ratio of the airflow resis-
tivity oy = #/ky,; of the porous material, over the density of the interstitial
fluid p, : fyior = 07/ (27p,). Applied to the glass-wool sample in the normal
direction (i.e., using the flow resistivity value directly measured by Matelys),
the criterion would not allow the use of the JCAL model below 1680 Hz.
Nevertheless, in this study, and as it is often done in the literature to reduce
the number of degrees of freedom in the poroelastic modeling, the
equivalent fluid approximation will be used in the entire frequency range of
interest: 400 Hz-5 kHz. Strictly, one could consider using a poroelastic Biot
model or a limp model to characterize the glass-wool sample in the low-
frequency range. This would however be at the expense of modeling and
experimentation complexity, and could potentially affect the parameter
estimation (influencing the conditioning or inversion properties of the
problem). This is, however, out of the scope of the present study.

Figure 7 shows the reflection coefficient measured in free field for the
six angles of incidence (¢, 8) = (0, 60°), (180°, 60°), (90°, 30°), (—90°, 30°),
(0°, 0°) and (60°, 45°) as a function of frequency. There is generally good
agreement between the measured and reconstructed reflection coefficients;
i.e., the coefficients directly derived from the JCAL parameters and angles
obtained via optimization. It is interesting to note that this is also the case
below the critical Biot frequency, which warrants the use of the equivalent
fluid approximation in the entire frequency range (the frame may not be

(180°,60°) (90°,30°)

Fig. 7 | Reflection coefficients (experimental). (0°,60°)
Measured (dotted line) and reconstructed (solid

line) reflection coefficients for the glass wool. Six 0.2 Re
angles of incidence are considered: (¢, 6) = (0, 60°), — —Im

(180°, 60°), (90°, 30°), (—90°, 30°), (0°, 0°), and
(60°, 45°).

05 1
f (kHz)

(-90°,30°)

4 05 1 4
f (kHz) f (kH2)
(60°,45°)
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Fig. 8 | Equivalent fluid properties (experimental).
a Measured (dotted line) and reconstructed (solid
line) inverse density tensor coefficients of a layer of
rigidly-backed glass wool. Black: real part. Red:
imaginary part. b Measured (dotted line) and
reconstructed (solid line) normalized bulk modulus.
Black: real part. Red: imaginary part. ¢ Orientation
of the principal directions.
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much affected by the motion of air in the frequency range 400 Hz-1680 Hz).
The measured reflection coefficients show larger deviations for 6 = 60°,
because the normal component of the particle velocity is smaller towards
grazing incidence and therefore more sensitive to noise*’. For a discussion
on reconstruction errors, the interested reader is referred to refs. 32,33 and**.

Figure 8 shows the measured bulk modulus and individual coefficients
of the inverse density tensor as a function of frequency. The measured
effective fluid parameters compare well with those obtained from the
optimized JCAL parameters and principal directions. Similar to the
numerical results, h;; compares particularly well, as it is estimated inde-
pendently and averaged over the six angles of incidence considered in the
retrieval procedure. On the contrary, h,, is rather poorly estimated, due to
the fact that it exhibits small values that depend on the prior (correct)
estimation of K53, hy3, h,;, and B, and is therefore more sensitive to error
propagation. Yet, the method has been presented on the basis of only six
angles of incidence (which is the minimum required). It is also interesting to
note that one of the extra-diagonal terms, h,,, is not negligible, indicating
that the glass wool sample is not transversely isotropic (as would typically be
expected for this type of glass wool). This suggests that the sample presents
some additional degree of anisotropy. Specifically, the glass wool fibers
appear to be rotated by an angle of 47° in the absorber plane (see Table 2),
seemingly due to the manufacturing process. Ultimately, the results pre-
sented in the current study show that, based on relatively simple mea-
surements of the sound pressure at the material’s surface, the proposed free-
field method enables not only to retrieve the complete set of effective fluid
parameters and anisotropic JCAL parameters, but also provides insight into
the material’s micro-structure.

Finally, it is interesting to note that the results presented in the current
study are in line with the experimental observations presented by Cavalieri
et al.”?, who estimated the inverse density tensor coefficients of the same
glass wool from reflection and transmission coefficients measured on six
samples placed with six different orientations in an impedance tube. As it is
not possible to compare the reconstructed JCAL parameters with direct
measurements in the tangential directions, the results independently
obtained for the material mounted in the tube and for the material mounted
in free field can be benchmarked against each other. It can be seen that the
reconstructed JCAL parameters for the material mounted in the tube and
for the material mounted in free field exhibit similar values (note that the
axes x; and x; have been swapped in ref. 23), indicating that both methods
yield reasonable estimates. We do not expect the reconstructed h;; coeffi-
cients and JCAL parameters to be identical for the material mounted in the
tube and the material mounted in free field due to the presence of local
heterogeneity in the tube samples. We hypothesize that averaging over a
larger number of tube samples would smooth out the local heterogeneity,
leading to porous parameters that are closer to those measured in free field
on a larger sample.

Discussion

A free-field method of characterizing the effective fluid properties of rigidly-
backed anisotropic porous media with unknown principal directions has
been proposed. The method relies on the measurement of the reflection
coefficient at a few incidence angles, via sound field reconstruction with an
array of microphones. The method was successfully applied to retrieve the
bulk modulus and all six components of the symmetric density tensor of a
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layer of glass wool with unknown porous properties. Based on the retrieved
effective fluid parameters, the full set of anisotropic JCAL parameters, as well
as the glass wool’s principal directions, could also be recovered via
optimization.

The proposed method is the first acoustical holography framework
enabling to characterize the micro-structure of anisotropic porous media
from fairly simple measurements of the sound pressure in free field. This is
unprecedented and paves the way for the experimental characterization of
metamaterials and other complex structures that cannot be suitably
mounted in a tube or otherwise characterized via established measurement
techniques.

Methods

Inverse problem formulation (retrieval procedure)

The coefficients g, and g, are retrieved from 24Xl = pp ‘z(k 0) and
0 1

e2dkl — P ‘E(()O kk)) [Eq. (13)] using two pairs of incident waves (k/,0),

—K,,0) and (0, k), (0, —K}). This result shows that the apparent impe-
dance and wavenumber (and consequently the apparent density and bulk
modulus) are not only known for k; = *k|e; and k; = +k)e,, but they
can now be assessed for any incident wave. In particular, the physical bulk
modulus B is retrieved from Eq. (5) at normal incidence (k,, k,) = (0, 0)
and reads B = B(0, 0). Further, the coefficients 5 11 and &5, are retrieved

from &, = g (% - 1§(k+170)> and &,, = % <% B(Ok )> [Eq. (5)] using the
two incident waves (k, 0) and (0, k,). Finally, the coefficient &, is found
from Eq. (5) using a sixth incident wave (k},k;) and reads &;, =

w? l __1 _ Wk Gk
2K, B(K] K;) 2k} k-
retrreved from Eq. (4 ) and the coefficients h,,, h,;, and h,, are given by
=¢&,—h =&, - 2, and h,, = &,, — hy;q?, respec-
hy, 12— hsdi9p hy 1~ hasdys 2 22 — M334;> TESPp
tively. For a discussion on the sensitivity of the inverted parameters to
variations in the reflection coefficients, the interested reader is referred to the
Supplementary Information (Supplementary Figs. 1 and 2).

. The coefficients h 3, hy5, and h;, are then

Oblique-incidence reflection coefficients estimation
The measured pressures p(r,,) at the M microphone positions r,, are
represented locally as the superposition of N propagating plane waves, with
directions of propagation uniformly distributed over a spherical domain™
p(x,) = Zij:r P(k, e’ T, where the amplitude term P(k,,) is the so-called
wavenumber (or angular) spectrum™. Each plane wave travels in a direction
spec1ﬁed by the wave vector k, = (k,, k,p,k,3) € R? with k2 = k2,
+k2, + k25, indicating that evanescent waves are not included. As detailed
in the Experimental setup description, this is achieved by ensuring that the
measurement aperture is placed sufficiently far away from the source and
sample edges. The problem can be expressed with the linear model
p = Sa, (14)
where p € CM contains the measured pressures, a e CN contains the
unknown plane-wave amplitudes, and S € CM*N s a sensing matrix
containing the plane-wave functions S,,, = e ™n. As there are more
unknown coefficients than measurement points (a large number of
elementary plane waves is used to ensure a sufficient spatial resolution of
the sound field), the problem is underdetermined (rank-deficient) and
requires regularization. The solution a of Eq. (14) is calculated in a least-
squares sense, i.e., via regularized matrix pseudo-inverse’. The problem is
formulated as an unconstrained optimization problem, introducing a
regularization parameter A that determines the penalty weight of the ¢,-
norm of the solution vector a = arg min(||Sa — p| |22 + Alla] |22), which has
the closed-form analytical solution™ *

a=Si(ss"+ A0 'p, (15)

where the superscript T denotes conjugate transposition and I is the identity
matrix. Equation (15) corresponds to the least-squares solution of the
problem with Tikhonov regularization”. In this study, the L-curve
criterion® is used as a (regularization) parameter-choice method. Once
the coefficients a have been determined, the sound pressure and normal
component of the particle velocity are reconstructed at a set of G positions r,
of the material’s surface

(16)

—

[P =

‘ ” I

o«:,m

N
@
o§”

wherep € Y contains the reconstructed sound pressures, u € CCisthe
reconstructed normal particle velocity vector, S, € CEN is a reconstruc-
tion matrix containing the plane wave functrons evaluated at the recon-
struction points ry, and 3% L€ CN contains the partial derivative of the
reconstruction matrrx 1n * the normal direction. Next, the point-wise
normalized surface impedance at position r, is calculated with

-1 p(ry)
V4 =— .
S(rg) pOCO ilx3 (rg)

(17)

As the material is assumed homogeneous, the estrmated surface impedance
is averaged over the G reconstruction points Z, = Z 1 Z,(r,) tosmooth
out random errors due to noise*. Finally, the reﬂectlon coefﬁc1ent is cal-
culated from the plane wave model in Eq. (10), using the estimated surface
impedance Z,. Note that Eq. (10) was derived under the assumption of plane
wave incidence on an infinite sample'. Yet, as the material is considered to
be large enough for the acoustic field at the edges to be negligible in the
frequency range of interest, Eq. (10) can be used as an approximation
(previous studies dealing with samples and backing plates of similar sizes™**’
indicate that edge effects from the sample and backing plate edges were only
visible below 400 Hz).

Experimental setup description
The anechoic chamber used for the measurements has an approximate
volume of 1000 m”, ensuring free-field conditions down to 100 Hz. A glass
wool sample of dimensions 2.4 x 2.4 m is placed on a backing plate of
approximately 14 m’, and a 1/2 inch pressure microphone (model 46AP,
GRAS Sound and Vibration, Holte, Denmark) is flush-mounted at the
interface between the glass wool and the backing plate for recordings of the
sound pressure at the interface (see Fig. 6). An OmniSource Loudspeaker
type 4295 (Briiel & Kjeer, Neerum, Denmark) is fixed on a rail that travels
along a metallic beam. The metallic beam that contains the rail also trans-
lates vertically, allowing to place the source at variable angles of incidence.
The measurements are performed with a scanning robot UR5 (Universal
Robots, Odense, Denmark) programmed to move a 1/2 inch free-field
microphone (model 46AC, GRAS Sound and Vibration, Holte, Denmark)
in the vicinity of the sample. The microphone is fixed to a 1.22 m aluminum
rod so as to reduce scattering induced by the robot from reaching the
measurement aperture”’. Note that the use of sequential measurements with
arobotic arm and a single microphone, in place of a traditional microphone
array, makes it possible to circumvent positioning errors (positioning
accuracy of approximately 1 mm given the rod length) and transducer
mismatch errors”, and to achieve a greater sampling capability than con-
ventional microphone arrays. The robot creates an array of 162 microphone
positions, arranged in two square layers of 9 x 9 positions each, with a
vertical spacing of 3 cm between the two layers, a horizontal spacing of 2.5
cm, and an array aperture of 20 cm x 20 cm. The array is placed 1.5 cm away
from the glass wool surface so as to guarantee a short back-propagation
distance (and, as such, minimize reconstruction errors*****’) while avoiding
the influence of surface waves.

The source is driven with an exponential sine sweep ranging from
400 Hz to 5 kHz, with a duration of 2 s. Below 400 Hz, the measurement may
be affected by diffraction phenomena resulting from the sample and backing
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plate edges™*. The source is kept at a minimum distance of 1.5 m from the
microphone array to guarantee approximate plane wave incidence on the
measurement aperture at all frequencies (at 400 Hz, 1.5 m correspond to a
source-array distance larger than a wavelength, ensuring that the sound
pressure and particle velocity are approximately in phase; besides, 1.5 m
corresponds to roughly 8 times the size of the measurement aperture,
suggesting that the curvature of the wavefronts is negligible on the mea-
surement grid). The frequency response is measured at the 162 positions
with a frequency resolution of 0.5 Hz. The background noise is recorded
every 20 microphone positions, resulting in a measured SNR around 46 dB
in the frequency range 400 Hz to 5 kHz. The duration of a measurement
sequence is approximately half an hour, including 8 s for the arm to stabilize
after each displacement. The sequence runs automatically, based on the
predefined positioning path.

Data availability
The datasets used and analyzed during this study are available from the
corresponding author on reasonable request.

Code availability

The underlying code for this study is not publicly available but may be made
available to qualified researchers on reasonable request from the corre-
sponding author.
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